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Abstract

In this paper, we prove that there exist at least n geometrically distinct brake or-
bits on every C2 compact convex symmetric hypersurface ¥ in R?” satisfying
the reversible condition N¥ = ¥ with N = diag(—1y, I). As a consequence,
we show that if the Hamiltonian function is convex and even, then Seifert conjec-
ture of 1948 on the multiplicity of brake orbits holds for any positive integer 7.
© 2014 Wiley Periodicals, Inc.

1 Introduction

For the standard symplectic space (R?”, wg) with wg(x, y) = (Jx, y), where
J = (? _(1)) is the standard symplectic matrix and [ is the n x n identity matrix,
an involution matrix defined by N = (_(I) ‘I)) is clearly antisymplectic, i.e., NJ =
—JN. The fixed point set of N and —N are the Lagrangian subspaces Lo =
{0} x R" and L1 = R” x {0} of (R?", w), respectively.

Suppose H € C2(R?"\ {0}, R) N C(R?",R) satisfies the reversible condition

(1.1) H(Nx) = H(x) VxeR?*".

We consider the following fixed energy problem of a nonlinear Hamiltonian system
with Lagrangian boundary conditions:

(1.2) X(t) = JH'(x(1)),
(1.3) H(x(2)) = h,
(1.4) x(0) € Lo, x(z/2) € Lo.

It is clear that a solution (7, x) of (I.2)—(T.4) is a characteristic chord on the contact
submanifold ¥ := H~1(h) = {y € R?"| H(y) = h} of (R?*", wp) and satisfies
(1.5) x(—t) = Nx(1),
(1.6) x(t+1) = x().

In this paper this kind of t-periodic characteristic (z, x) is called a brake orbit

on the hypersurface ¥. We denote by (X, H) the set of all brake orbits on X.
Two brake orbits (z;, x;) € Jp(X2, H), i = 1,2, are equivalent if the two brake
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orbits are geometrically the same, i.e., x;(R) = x2(R). We denote by [(z, x)]
the equivalence class of (r,x) € Jp(X, H) in this equivalence relation and by
Jp(Z, H) the set of [(z, x)] for all (t,x) € Jp(Z, H). In fact, Jp(Z, H) is the
set of geometrically distinct brake orbits on %, which is independent of the choice
of H. So from now on we simply denote it by jb(Z) and in the notation [(z, x)]
we always assume x has minimal period . We also denote by J (X) the set of
all geometrically distinct closed characteristics on . The number of elements in
a set S is denoted by #S. It is well-known that #jb(E) (and also #j(E)) is only
dependent on X; that is to say, for simplicity we take & = 1 if H and G are
two C2-functions satisfying and Xy = H™ (1) = =g := G71(1); then
T (EH) =F Tp(Ze).

So we can consider the brake orbit problem in a more general setting. Let X be
a C? compact hypersurface in R?” bounding a compact set C with nonempty in-
terior. Suppose X has nonvanishing Gaussian curvature and satisfies the reversible
condition N(X¥ — xo) = X — x¢ := {x — xo|x € X} for some x¢o € C. With-
out loss of generality, we may assume xo = 0. We denote the set of all such
hypersurfaces in R?" by H(2n). For x € X, let ng(x) be the unit outward
normal vector at x € X. Note that here by the reversible condition there holds
ny(Nx) = Nnx(x). We consider the dynamics problem of finding t > 0 and a
C! smooth curve x : [0, 7] — R?” such that

(1.7) X(t) = Jnx(x@), x(1)e€X,
(1.8) x(—t)=Nx(t), x(r+1t)=x(t), forallt €R.
A solution (z, x) of the problem (1.7)-(1.8) determines a brake orbit on X.
DEFINITION 1.1. We denote by
(1.9) Hy(2n) = {X € Hp(2n) | X is strictly convex},
(1.10) Hy (2n) ={S e Hy(2n) | - = =}
The main result of this paper is the following:

THEOREM 1.2. Forany X € HZ’C (2n) there holds

*Tp(Z) > n.

Remark 1.3. Theorem|[I.2]is a kind of multiplicity result related to the Arnold chord
conjecture. The Arnold chord conjecture is an existence result that was proved by
K. Mohnke in [24]]. Another kind of multiplicity result related to the Arnold chord
conjecture was proved in [[11]].

1.1 Seifert Conjecture

Let us recall the famous conjecture proposed by H. Seifert in his pioneer work
[26] concerning the multiplicity of brake orbits in certain Hamiltonian systems
in R?".
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As a special case of (T.1), we assume H € C2(R?",R) possesses the form

1
(1.11) H(p,q) = EA(q)p “p+ Vi),

where p,q € R”", A(q) is a positive definite n x n for any ¢ € R”, and 4 is
C?, and V € C?(R",R) is the potential energy. It is clear that a solution of the
Hamiltonian system

(1.12) x=JH'(x), x=(p.q).
(1.13) 2(0) = p(%) =0,

is a brake orbit. Moreover, if / is the total energy of a brake orbit (¢, p), i.e.,
H(p(1),q(t)) = h and V(g(0)) = V(q(r)) = h, then ¢(r) € @ = {g € R" |
V(g) < h}forallt € R.

In [26] of 1948, H. Seifert studied the existence of brake orbit for system (I.12)-
with the Hamiltonian function H in the form of and proved that
Tp(X) # @ provided V' # 0 on 992, V is analytic and Q is bounded and home-
omorphic to the unit ball B{(0) in R”. Then in the same paper he proposed the
following conjecture which is still open for n > 2 now:

#jb(E) > n under the same conditions.

We note that for the Hamiltonian function
1 n
H(p.q)=5lpP? + > ajq}.  q.peR",
j=1

where a;/a; ¢ Q foralli # j and ¢ = (91,92, ...,qn). There are exactly n
geometrically distinct brake orbits on the energy hypersurface ¥ = H 1 (h).

1.2 Some Related Results since 1948

As a special case, letting A(q) = I in (I.11)), the problem corresponds to the
following classical fixed energy problem of the second-order autonomous Hamil-
tonian system

(1.14) G@)+V'(g)) =0 forq(r) € Q,
(1.15) SOP + V@) =h ViR,
(1.16) §(0) = q(%) =0,

where V € C2(R",R) and £ is constant such that @ = {g € R” | V(q) < h} is
nonempty, bounded, and connected.

A solution (, q) of (LT4)—(T.16) is still called a brake orbit in Q. Two brake
orbits g1 and g2 : R — R” are geometrically distinct if g1(R) # ¢2(R). We



1566 C.LIU AND D. ZHANG

denote by O(£2, V) and 5(9) the sets of all brake orbits and geometrically distinct
brake orbits in €2, respectively.

Remark 1.4. It is well known that via

1
H(p.q) = Elpl2 + V(q).

x = (p,q) and p = ¢, the elements in O(2, V) and the solutions of (1.2)—(1.4)
are one-to-one correspondent.

DEFINITION 1.5. For ¥ € H,“(2n), a brake orbit (z, x) on X is called symmetric

if x(R) = —x(R). Similarly, for a C? convex symmetric bounded domain Q C
R”™, a brake orbit (z,q) € O(R2, V) is called symmetric if g(R) = —¢q(R).

Note that a brake orbit (7, x) € J5(X, H) with minimal period 7 is symmetric
ifx(t+1/2) = —x(t) fort € R, and a brake orbit (z, g) € O(2, V') with minimal
period 7 is symmetric if (¢ + 7/2) = —q(t) fort € R.

Since 1948, many studies have been carried out for the brake orbit problem. In
1978, S. Bolotin proved in [4] the existence of brake orbits in a general setting.
K. Hayashi in [12]], H. Gluck and W. Ziller in [10], and V. Benci in [2] proved
#5(9) > 1if VisC!,Q = {V < h}is compact, and V'(g) # 0 for all ¢ € Q.
P. Rabinowitz in [25]] proved that if H satisfies (T.1), & = H ~!(h) is star-shaped,
and x - H'(x) # O for all x € X, then #jb(E) > 1. V. Benci and F. Giannoni gave
a different proof of the existence of one brake orbit in [3]]. It has been pointed out
in [8]] that the problem of finding brake orbits is equivalent to finding orthogonal
geodesic chords on a manifold with concave boundary. R. Giambo, F. Giannoni,
and P. Piccione in [9] proved the existence of an orthogonal geodesic chord on a
Riemannian manifold homeomorphic to a closed disk and with concave boundary.

For multiplicity of the brake problems, A. Weinstein in [|30] proved a localized
result: Assume H satisfies (L1). For any h sufficiently close to H(zo) with zo
being a nondegenerate local minimum of H, there exist at least n geometrically
distinct brake orbits on the energy surface H 1 (h). In [5,|10], under assumptions
of Seifert in [26], it was proved that the existence of at least n brake orbits, while a
very strong assumption on the energy integral was used to ensure that different min-
imax critical levels correspond to geometrically distinct brake orbits. A. Szulkin
in [27] proved that * 7, (H~1(h)) > n if H satisfies conditions in [25] of Rabi-
nowitz and the energy hypersurface H ~!(h) is +/2-pinched. E. van Groesen in [28]
and A. Ambrosetti, V. Benci, and Y. Long in [1] also proved *O(£2) > n under dif-
ferent pinching conditions. Without a pinching condition, in [21] Y. Long, C. Zhu,
and the second author of this paper proved that: For any X € HZ’C (2n) withn > 2,

*7»(2) > 2. The authors of this paper in [17] proved that *7,(Z) > [2] + 1 for
IS ’HZ’C (2n). Moreover, it was proved that if all brake orbits on X are nonde-
generate, then #ib(E) > n + 2A(X), where 22((X) is the number of geometrically
distinct asymmetric brake orbits on X. Recently, in [34] the authors of this pa-
per improved the results of [17] to *7,(2) > [ZEL] + 1 for = € H;(2n),
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n > 3. In [33] the authors of this paper proved that ¥ 7, (%) > ["42'1] + 2 for
T eH, (2n),n >4

1.3 Some Consequences of Theorem[1.2)and Further Arguments

As direct consequences of Theorem we have the following two important
corollaries:

COROLLARY 1.6. If H(p, q) defined by (1.11) is even and convex, then the Seifert
conjecture holds.

Remark 1.7. 1f the function H in Remark[1.3]is convex and even, then V' is convex
and even, and 2 is convex and central symmetric. Hence €2 is homeomorphic to
the unit open ball in R”.

COROLLARY 1.8. Suppose V(0) = 0, V(q) > 0, V(—q) = V(q), and V" (q) is
positive definite for all ¢ € R" \ {0}. Then for any given h > 0 and Q = {q €
R™ | V(gq) < h}, there holds
*O(Q) > n.
It is interesting to ask the following question: Are all closed characteristics
on any hypersurfaces ¥ € HZ’C (2n) symmetric brake orbits after suitable time

translation provided that *7 () < +00? In this direction, we have the following
result:

THEOREM 1.9. Forany ¥ € 7-[2’6 (2n), suppose
*7(Z) =n.

Then all of the n closed characteristics on ¥ are symmetric brake orbits after
suitable time translation.

For n = 2, it was proved in [[13|] that #j(E) is either 2 or oo for any C?
compact convex hypersurface ¥ in R*. Hence Theorem gives a positive answer
to the above question in the case n = 2. We also note that for the hypersurface
x3+y3

4

we have #jb(Z) = +o00 and #ffg(E) = 2, where we have denoted by ffg(E)
the set of all symmetric brake orbits on X. We also note that on the hypersurface
¥ = {x € R?" | |x| = 1} there are some non-brake-closed characteristics.

The key ingredients in the proof of Theorem[I.2]are some ideas from our previ-
ous paper [17] and the following result, which generalizes corresponding results of

our previous papers [33\34] completely, where the iteration path y2 will be defined
in Definition 2.9 below.

THEOREM 1.10. For y € P:(2n), let P = y(v). Ifir,(y) = 0, ir,(y) = 0,
i(y) > n,and y*(t) = y(t — v)y(z) forall t € [t,21], then

(1.17) iL, (¥) + Spa(1) —vpo(y) = 0,

S = (xl,x2,y1,y2)€R4 x%+yf+ =1;,
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In this paper, we denote by N, Z, Q, R, and C the sets of positive integers,
integers, rational numbers, real numbers, and complex numbers, respectively. We
denote by both (-,-) and - the standard inner product in R” or R?”, and by (-, )
the inner product of corresponding Hilbert space. For any a € R, we denote by
[a] = max{k € Z | k < a}.

We prove Theorem [I.2] and Theorem [1.9]in Section [3| and the proof of Theo-
rem[I.10]is given in Sections {| and 5]

2 Index Theories for Symplectic Paths and the Homotopic Properties
of Symplectic Matrices

In this section we make some preparations for the proof of Theorems|I.2]and[1.9]
We first briefly introduce the Maslov-type index theory of (i, vr;) for j = 0,1
and (iy,ve) forw e U:={z € C||z| = 1}.

Let £(R?") denote the set of 21 x 2n real matrices and Ls(R?") its subset of
symmetric ones. For any F € Lg(R?"), we denote by m*(F) the dimension of
maximal positive definite subspace, negative definite subspace, and kernel of any
F for x = +, —, 0, respectively.

Let
(0 =1 (=1 O
Jk—(]k 0) and Nk—(o Ik)
with [ being the identity in R¥. If k = n we will omit the subscript k for conve-

nience, i.e., J, = J and N, = N.
The symplectic group Sp(2k) for any k € N is defined by

Sp(2k) = {M € LR*) | MTJtM = Ji},

where M T is the transpose of matrix M.
For any v > 0, the symplectic path in Sp(2k) starting from the identity /I, is
defined by

P(2k) = {y € C([0. 7], Sp(2k)) | y(0) = Ipk}.

The Maslov-type index theory of (i(y), v(y)) of y usually plays an important
role in the study of periodic solutions of Hamiltonian systems. It was introduced
by C. Conley and E. Zehnder in [[7] for nondegenerate symplectic path y € P;(2n)
with n > 2. Y. Long and E. Zehnder in [23] extended the definition to include
y € P(2). Long in [18] and C. Viterbo in [29] further extended the definition
for y € P(2n). In [19], Long introduced the w-index, which is an index function
(low(¥),ve(y)) € Z x{0,1,...,2n} for w € U (see [20]] and [18])).

For any w € U, the following hypersurface in Sp(2n) is defined by

Sp(2n)? = {M € Sp(2n) | det(M — wlz,) = 0}.
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For any two continuous paths & and n: [0, 7] — Sp(2n) with £(t) = 7(0), their
joint path is defined by

£(21) if0 <1t
nQ2t — 1) iff <t

Given any two (2my, x 2my) matrices of square block form

_ (Ax Bk
Mie= (Ck Dk)
for k = 1,2, as in [20], the o-product (or symplectic direct product) of M; and
M, is defined by the following (2(m1 4+ m3) X 2(my 4+ m3)) matrix M; ¢ M>:

A1 0 By O
0 A, 0 B
Ci 0 Dy O
0 C; 0 D

Q NIA

’

2.1) nx§E(t) = {

=
=

M1<>M2=

We denote by M ¥ the k-times self o-product of M for any k € N.
It is easy to see that

(2.2) Ny tmy (M1 & M2) ™ Ny sy (M1 © Mp) =
(N, M7 Ny, My) & (Nyy M5 Ny, M),
A special path &, is defined by
2 - L O on
— T
a0 = (207 o) - wiena

DEFINITION 2.1. Forany w € Uand M € Sp(2n), define

2.3) Vo (M) = dimc ker(M — wlszy).
For any y € P(2n), define

24 Vo (V) = Vo (7 (7).

If y() ¢ Sp(2n)?, we define

(2.5) iw(y) = [SpQn)g : ¥ * &),

where the right-hand side of (2.5)) is the usual homotopy intersection number and
the orientation of y = &, is its positive time direction under homotopy with fixed
endpoints. If o = 1, we will simply write i(y) instead of i1(y). If y(r) €
Sp(2n)?, we let F(y) be the set of all open neighborhoods of y in P;(2n), and
define

(2.6) iw(y) = sup inflix(B) | B(r) € Uand (r) ¢ Sp(2n)p)}.
UeF(y)
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For any M € Sp(2n) we define

QM) ={P eSp2n) |c(P)NU=0(M)NU

2.7)
and vy (P) = va(M) VA € o(M) N U},
where we denote by o (P) the spectrum of P.
We denote by (M) the path-connected component of (M) containing M,
and call it the homotopy component of M in Sp(2n).

DEFINITION 2.2. For any M1,M, € Sp(2n), we call My ~ M, if My € Q°(M>).

Remark 2.3. It is easy to check that ~ is an equivalence relation. If M; ~ M>, we
have MF ~ M¥ for any k € N and My o M3 ~ M o My for M3 ~ Mj. Also
we have My o My ~ M, o My and PMP~' ~ M for any P, M € Sp(2n). By
theorem 7.8 of [19], M1 ¢ My ~ M; ¢ M3 if and only if M» ~ M3.

LEMMA 2.4. Assume M1 € Sp(2(k1+k2)) and My € Sp(2k3) have the following
block form:

A1 Ay By By
_ |43 As Bz Bs _(As Bs
Mi=1c, ¢, by p| ™™ MZ_(C5 1)5)
Cs3 Cq4 D3 Dy

with Al, B, Cl, D, e ﬁ(Rkl), A4, By, C4, Dy € ﬁ(Rkl), and A5, D5 € ﬁ(Rk3).
Let

Al 0 Az B1 0 BZ

0 As O 0 Bs O

A3 0 A4 Bz 0 By

Ms=1c, 0 ¢ D, 0 D,
0 Cs O 0 Ds O
C3 0 C4 D3 0 Dy
Then
(28) M3 = M1 < M2.
PROOF. Let
Iy, O 0 Iy, O 0
P = diag 0 0 I, |.| O 0 Iy,
0 Ix; O 0 Iy, O

It is easy to verify that P € Sp(2(ky + ks + k3)) and M3 = P(M; o M) P~ L.
Then (2.8)) holds from Remark [2.3]and the proof of Lemma[2.4]is completed. [J
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The following symplectic matrices were introduced as basic normal forms in

[20]:
D) = (A 191), A= 42,
Ni(h,b) = ( i) A==+l b= 1,0,
R(0) = (‘;fj((g)) _2;‘;((99))) 0 e (0.7) U (.27).
No(w. b) (R(Q) Rl()(;))’ 0 e (0.7) U (.27).
where

(b1 by
=i 52)
with b; € R and by # b3.

For any M € Sp(2n) and w € U, the splitting number of M at w, defined by
+ : . .
Sy (@) = Jim, Ly exp(e/=Te) (V) — lw(¥)

for any path y € P (2n) satistying y(r) = M, possesses the following properties:

LEMMA 2.5 ([19], [20, lemma 9.1.5 and list 9.1.12]). Splitting numbers Sﬂj;(a))
are well-defined; i.e., they are independent of the choice of the path y € P;(2n)
satisfying y(t) = M. For v € Uand M € Sp(2n), S:Qt(a)) = Sﬁ(w) ifQ~ M.
Moreover, we have the following:

(1) (S;;(il), Sy (D) = (1,1) for M = =N (1,b) withb = 1 or 0.

(2) (S;7(£1), S, (1)) = (0,0) for M = £Ny(1,b) withb = —1.

(3) (Sﬂj(eﬁf’),s;l(eﬁ@)) = (0,1) for M = R(®) with 6 € (0,7) U
(m,2m).

@) (S}7(w), Sy (@) = (0,0) for € U\ R and M = N»(w,b) is trivial,
i.e., for sufficiently small @ > 0, MR((t —1)a)®" possesses no eigenvalues
onUfort €[0,1).

5) (Sj,’}(a)), Sy (@) = (1,1) foro € U\R and M = N>(w, b) is nontrivial.

(6) (S;; (), Sy (w) = (0,0) for any w € U and M € Sp(2n) with o (M) N
U=o.

@) SAi,IloMz(w) = SAixll (w) + SAib(a))for any M; € Sp(2n;) with j = 1,2
and w € U.

We denote by
(2.9) F =R @ R?"
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equipped with the standard inner product (-, - ) and define the symplectic structure
of F by

(2.10) {v,w}=(Jv,w) VYv,we Fwhere 7 =(-J)®dJ = (_é 3)

We denote by Lag(F) the set of Lagrangian subspaces of F and equip it with the
topology as a subspace of the Grassmannian of all 2n-dimensional subspaces of F'.
It is easy to check that, for any M € Sp(2n) its graph

Gr(M) = {(A;x) ‘ xe RZ"}

is a Lagrangian subspace of F.

Let
(2.11) Vi =LoxLo={0} xR" x {0} x R" c R*",
(2.12) Vo =Ly x L1 = R" x {0} x R"” x {0} C R*".

By proposition 6.1 of [22] and lemma 2.8 and definition 2.5 of [21]], we give the
following:

DEFINITION 2.6. For any continuous path y € P;(2n), we define the following
Maslov-type indices:

(2.13) iry(y) = pTM(V1,Gr(y), [0, 7)) —n,
(2.14) ir, () = p$M V2, Gr(y), [0, ¢]) — n,
(2.15) vr, (y) = dim(y(r)L; N Lj), j =01,

where we denote by i %LM(V, W, |a, b]) the Maslov index for Lagrangian subspace

path pair (V, W) in F on [a, b] defined by Cappell, Lee, and Miller in [6]. For any
M € Sp(2n) and j = 0, 1, we also denote by vy, ; (M) = dim(ML; N Lj).

The index iz, (y) for any Lagrangian subspace L C R?" and symplectic path
y € P(2n) was defined by the first author of this paper in [15] in a different way
(see also [14,21]]).

DEFINITION 2.7. Let yo,y1 € P:(2n) and j = 0,1. The paths are called L -
homotopic, denoted by yo ~r; v1, if there is amap § : [0, 1] — P(2n) such that
8(0) = yo and 6(1) = y1, and vz ; (8(s)) is constant for s € [0, 1].

LEMMA 2.8 ([15]).
(1) Ifyo ~L; v1, then
ir,(yo) =irL;(y1), vr;(yo) =vL,(y1).
(2) If y = y1 © y2 € P(2n), and correspondingly L; = L} ® L}’, then
i, () =ip, (yo) +ipr(va), v (v) = vp (y1) +ver(va).
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(3) Ify € P(2n) is the fundamental solution of
x(t) = JB(t)x(t)

with symmetric matrix function

_ (b bia()
B(Z)—(b;m bZ(r))

satisfying by»(t) > 0 for any t € R, then
iLg(y) = Y vro(ys).  ¥s(0) = y(st).

0<s<1

4) Ifb11(t) > O foranyt € R, then
i, (y) = Z ve, (¥s),  vs(t) = y(st).

0<s<1

DEFINITION 2.9. Forany y € P, and k € N, in this paper the k-time iteration y¥
of y € Pr(2n) in the brake orbit boundary sense is defined by ¥|[9 k], Where

y(t =2jO)(Ny(x)"'Ny(v))/. t € [2j7,(2j + D], j =0.1,...
Y(®) = {Ny@2jt +2t —t)N(Ny(x) 'Ny(x))/*1,
te[2j+Dr.j +2)1). j=0.1,...
3 Proofs of Theorems 1.2l and

In this section we prove Theorems|[I.2]and[1.9]
For X € ”HZ’C(Zn), let j» : ¥ — [0, +00) be the gauge function of ¥ defined
by
j50) =0 and jx(x)= inf{k >0 ‘ % c c} Vx € R2"\ {0},

where C is the domain enclosed by X.
Define

(3.1)  Hy(x) = (s(x)% a>1, Hs(x)= Hy(x) VxeR>".

Then Hy € C2(R?"\{0},R) N CL1(R?" R).
We consider the following fixed energy problem:

(3.2) £(0) = TH(x (1)),
(3.3) Hx(x(@)) =1,

(3.4 x(—=t) = Nx(1),

(3.5) x(t+1t)=x(t) VteR.

Denote by Jp(%,2) (Jp(X, @) for @ = 2 in (3.1)) the set of all solutions
(7, x) of problem (3.2)-(3.5) and by J5(X,2) the set of all geometrically dis-
tinct solutions of (3.2)—(3.5). By remark 1.2 of [17] or the discussion in [21],
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elements in J5(X) and J(X,2) are in one-to-one correspondence. So we have
¥ Tp(2)="Tp(2.2).

For the readers’ convenience, in the following we list some known results that
will be used in the proof of Theorem [I.2]

In the following we write (ir,(y. k), vL,(y.k)) = (iL, (%) VLo (y¥)) for any
symplectic path y € P;(2n) and k € N, where ¥ is defined by Deﬁnition
LEMMA 3.1 (Theorem 1.5 of [17] and Theorem 4.3 of [22]). Let y; € Pr;(2n)
forj =1,...,q. Let M; = y].2(2rj) = Nyj(tj) 'Nyj(zj) for j = 1,...,q.
Suppose

?Lo(yj)>0, j=1,...,q.
Then there exist infinitely many (R,my,ma, ..., mg) € N9t such that
(@) vio(yj.2m; £ 1) = v, (),
(i) iry(yj.2m; = 1) +vp,(yj,.2mj —1) = R — (i, (y;) +n + SAJZj (1) -
)

(i) ip,(yj.2m; +1) = R+iL,(y))

(v) v(y7.2mj £1) = v(y}),

V) i(y}.2mj — 1) +v(y7.2mj — 1) = 2R — (i(y}) + 285, (1) = v(¥})),

(vi) i(y7.2mj +1) = 2R +i(y}),

. ., 2n; 2n;
where we have setl(yjz,nj) = z()/j "7, U()/jz,ﬂj) = v(yj "7y for nj € N.

For any (z, x) € J5(XZ, 2), there is a corresponding path y, € P(2n). Form €

N, we denote by ir ; (x,m) = ip,(yy') and vp; (x,m) = vp (yy") for j =0, 1.

Also we denote i (x,m) = i(y2™) and v(x,m) = v(y2™). We remind the reader
that the symplectic path y}" is defined in the interval [0, “5*], and the symplectic

path y2™ is defined in the interval [0, mt]. If m = 1, we denote i(x) = i(x, 1)
and v(x) = v(x, 1). By lemma 6.3 of [[17] we have the following:

LEMMA 3.2. Suppose #jb(E) < 400. Then there exist an integer K > 0 and an
injective map ¢ : N + K — Jp(2,2) x N such that
(1) Forany k € N 4+ K, [(t,x)] € Jp(2,2), and m € N satisfying ¢(k) =
([(z, x)], m), there holds
iro(x,m) <k—1=<ipr,(x,m)+vp,(x,m)—1,

where x has minimal period .
(ii) Foranyk; € N+ K, k1 < ko, and (7, x;) € Jp(Z, 2) satisfying ¢(k;) =
([(zj, xj)],mj) with j = 1,2 and [(t1, x1)] = [(t2, x2)], there holds

mi; < mj.

LEMMA 3.3 (Lemma 7.2 of [17]). Let y € P:(2n) be extended to [0, +00) by
(Tt +1) = y@)y(r) forallt > 0. Suppose y(t) = M = P~ 1(Iy o M)P with
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M e Sp(2n —2) and i(y) > n. Then we have
i(y.2) +28,,(1) —v(y.2) = n +2.
LEMMA 3.4 (Lemma 7.3 of [17]). For any (t,x) € Jp(X,2) and m € N, there
hold
iro(x,m+1)—ir,(x,m)>1,

iro(x,m+1)4+vp,(x,m+1)—1>ir,(x,m+1)
> ipy(x,m) +vp,(x,m)—1.

PROOF OF THEOREM[[.2] It is suffices to consider the case ¥ 7,(Z) < —+oo.
Since —X = X, for (z, x) € Jp(X,2) we have
(3.6)  Hs(x) = Hz(-x), Hg(x) =—-Hg(-x), Hg(x) = Hg(—x).

It follows that (z, —x) € J,(X,2) and, in view of the definition of y,., we obtain
that
Vx = V—x-

Hence

(lL (x’m)9 VL (x’m)) = (lL (_xvm)’ VL (_xam)),
3.7) . ’ . ‘ Vm e N.

(i, (x,m),vp,(x,m)) = (iL,(—x,m),vr, (—=x,m)),
We can write
Ip(%.2) ={{(zj. x| j =1.....p}

UL, X)) [t —xi)] [k =p+1,....p + g

with x;(R) = —x;(R) for j = 1,..., p and xx(R) # —xx(R) for k = p +
1,..., p + q. Here we recall that (z;, x;) has minimal period 7; for j = 1,...,
p+qandxj(% +1)=—x;(t),t R, forj=1,...,p.

In view of Lemma there exists an integer K > 0 and an injective map
¢ : N+ K — Jp(2,2) x N. By (3.7), (tx, xx) and (tz, —xj) have the same
(iLo» VLo)-indices. So by Lemma without loss of generality, we can further
require that
(3.9) Im(¢) < {[(ze. xp)] [k =1.....p + ¢} xN.

By the strict convexity of Hy and (6.19) of [17])), we have

(3.8)

irg(xx) >0, k=1,....p+q.
Applying Lemma [3.1]to symplectic paths

Y1, .. -,Vp-i-q, Vp-i—q—i—l»-- . »Vp+2q
. . 2 2
associated with (71, x1), ..., (Tp+¢, Xp+¢), CTp+1, xp_H), ooy C1pags xp+q), re-
spectively, there exists a vector (R, m1, ..., mMpt24) € NPT24+1 guch that R >

K +nand
(3.10) iro(Xk,2mg +1) = R+ i, (xx),
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@B.11) ipy(xg.2mg — 1) +vpy(x, 2my — 1) =

R — (ir, (xp) +n + S}\Zk(l) —vr,(xk))
fork =1,....p+q. My = yZ(t), and
3.12) iry(xXk,4my +2) = R +ip,(xk,2),

(3.13) iLO(xk,4mk —-2)+ vLO(xk,4mk —2)=
R — (iL, (xx,2) + 1+ Spp (1) — vy (xk,2))

fork=p+q+1,...,p+2qand M} = )/,?(21;{) = y]f(fk)z.
By Lemma[3.1] we also have

(3.14) i 2my + 1) = 2R +i(xp),

(3.15) i(xg,2my — 1) + v(xg,2my — 1) = 2R — (i(xg) + 2S;;k(l) —v(xg)),
fork=1,....,p+q, M} = y]f(rk),and

(3.16) i(xg,4my +2) = 2R +i(xg,2),

BT i(xg,4mp —2) + v(xg, dmp —2) =
2R — (i(x,2) + 285, (1) = v(xx,2)),

fork=p+q+1,...,p+2qand M}, = y,‘c‘(Zrk) = )/]?(‘[k)z.
From (3.9)), we can set

H(R— (s — 1) = ([(tk(s) Xk(s))], m(s)) Vs €S :={1,...,n},

where k(s) € {1,..., p + g} and m(s) € N.
We continue our proof to study the symmetric and asymmetric orbits separately.
Let

Si={seS|k(s)<p} S2=85\S9;.

We shall prove that #S, < p and #S, < 2q. These estimates together with the
definitions of Sy and S5 yield Theorem[I.2]

Claim3.5. 8 < p.

PROOF. By the definition of S, we have that ([(tk(s), Xk(s))]. m(s)) is symmet-
ric when k(s) < p. We further prove that m(s) = 2my ) for s € S7.
In fact, by the definition of ¢ and Lemma forall s = 1,...,n we have

iLo(Xk(s).m(s)) =(R—(s—1)) -1 =R—s
< ipy(Xk(s), m(5)) + vLy (Xk(s), m(s)) — 1.
By the strict convexity of Hyx and Lemma we have if, (xg(s)) > 0, so that
iLo(Xk(s),m(s)) < R—s < R < R+ ir,(Xk(s))

(3.18) .
= iLo(Xk(s), 2Mk(s) + 1),
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for every s = 1,...,n, where we have used (3.10) in the last equality. Note that
the proofs of (3.18) and (3.18)) do not depend on the condition s € Sj.

It is easy to see that yy, satisfies the conditions of Theorem([T.10|with 7 = 75 /2.
Note that by definition iz, (xx) = ir,(Vx,) and vp,(xx) = vi,(Yx;). So by
Theorem we have

(3.19) iL, (%) + Sy (D —vLg(xx) =0 Vk=1,....p.
Hence by (3.18)) and (3.19), if k(s) < p, it follows that
iLo(FXk(s)s 2Mi(s) — 1) + VLo (Xk(s), 2mg(s) — 1) — 1

= R — (iL, (vks) + 1+ iy (D) = vLe (X)) = 1

1 _
<R- n_ 1—n
<R-—ys
(3.20) < ipg(Xi(s), m(s)) + vry(Xk(s). m(s)) — 1.

Thus by (3.18), (3.20), and Lemma [3.4] we obtain
2mp(s) — 1 <m(s) < 2my) + 1.
Hence
m(s) = 2myy) and @(R —s + 1) = ([(tk(s) Xk(s))]. 2mi(s)) Vs € Sq.
Then the injectivity of the map ¢ induces an injective map
o1:81 > {l,...,p}, s+ k(s).
Therefore, #S; < p and Claimis proved. O
Claim 3.6. S, < 2q.

PROOF. By the formulas (3.14)-(3.17), and (59) of [16] (also [20, claim 4,
p- 352]), we have
(3.21) myp =2mgy, fork=p+1,p+2,....p+q.
By Theorem [I.10]there holds
(3.22) iL, (5, 2) + Si7 () —vLp(x,2) 20, p+1<k<p+gq
By (3.13), (3:18), (3.21) and (3.22), for p + 1 < k(s) < p + g we have
iLo(Xk(s)> 2Mk(s) — 2) + VLo (Xk(s)> 2Mp(s) —2) — 1
= iLo(Xk(s) 4Mic(s)+q — 2) + VLo (Xk(s)> 4Mk(s)+q —2) — 1
= R~ (i, (¥k(s). 2) + 1+ Sy (D) =15, 2)) = 1
= R — (ir, (%, 2) + Sy (1) = vpo(xx,2)) = 1 —n
<R-1—-n<
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<R-—5
(3.23) < ipg(Xk(s). m(s)) + vLy(Xk(s). m(s)) — 1.
Thus (3.18), (3.23)) and Lemma [3.4]imply

2mys) —2 <m(s) <2myy+1, p<k(s)<p+gq.

So
m(s) € 2my) — 1.2my 5y} for p <k(s) < p +q.
In particular, this yields that for any s¢ and s € Sy, if k(s) = k(s0), then

m(s) € 2mysy — 1, 2my sy} = {2mp(sg) — 1. 2Mp(s0) -
Then, in view of the injectivity of the map ¢ from Lemma[3.2] we have
s € S2 | k(s) = k(s0)} < 2.
This proves Claim 3.6 O
By Claim3.5|and Claim [3.6] we obtain
") =" Tp(2.2)=p+2g 2" i+ 2 =n.
The proof of Theorem [I.2]is completed. |

PROOF OF THEOREM We call a closed characteristic x on ¥ a dual brake
orbit on X if x(—t) = —Nx(t). Then by the similar proof of lemma 3.1 of [31]]
a closed characteristic x on £ can become a dual brake orbit after suitable time
translation if and only if x(R) = —Nx(R). So by lemma 3.1 of [31] again, if a
closed characteristic x on X can both become brake orbits and dual brake orbits af-
ter suitable translation, then x(R) = Nx(R) = —Nx(R). Thus x(R) = —x(R).

Since we alsohave —N X = X, (—N)? = I5,,, and (—N)J = —J(—N), dually
by the same proof of Theorem[I.2](with the estimate (5.3) in Theorem [5.3| below),
there are at least n geometrically distinct dual brake orbits on X.

If there are exactly n closed characteristics on X, then Theorem [I.2] implies
that all of them are brake orbits on X after suitable time translation. By the same
argument all the n closed characteristics must be dual brake orbits on X. Then by
the argument in the first paragraph of the proof of this theorem, all these n closed
characteristics on 3 must be symmetric. Hence all of them are symmetric brake
orbits after suitable time translation. The proof of Theorem|[I.9is completed. I

4 (Ly,L1)-Concavity and (e, Ly, L1)-Signature
of Symplectic Matrix

DEFINITION 4.1. For any P € Sp(2n) and ¢ € R, we define the (e, Lo, L1)-
symmetrization of P by

sin2el,, —cos 281,,) (sin 2¢l, cos ZSIn)

_ pT
M, (P)="P (_COSZBIH —sin2¢el, cos2¢el, —sin2el,
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The (e, Lo, L1)-signature of P is defined by the signature of M.(P). The (Lo, L1)-
concavity and (Lo, L1)*-concavity of a symplectic path y is defined by
concav(r,,)(¥) = iLo(¥) —ir, (¥),
concav?y, 1 (1) = (o) + vie () = (i, () + vi, (),

respectively.

In [[15] it was proved that (Lg, L1)-concavity is only dependent on the end ma-
trix y(t) of y, and in [[32] it was proved that the (L¢, L1)-concavity of a symplectic
path y is half of the (g, Lg, L1)-signature of y(7); i.e., we have the following re-
sult:

THEOREM 4.2 ([32]). Fory € P.(2k) with T > 0, we have

1
COHC&V(LO,LI)(V) = 5 sgn MS(V(T))’

where 0 < ¢ < 1, and we have denoted by sgn A the signature of A for any
symmetric matrix A. We also have

concav(y 1 y(¥) = %sgn Mc(y(1)), 0<—e <K 1.
Remark 4.3 (Remark 2.1 of [32]). For any 2n; x 2n; symplectic matrix P; with
Jj =1,2andn; € N, we have
M,(P1 o Py) = Mc(P1) ¢ M.(P3),
sgn M (P1 o P2) = sgn Mg(P1) + sgn Mg(P2),
where ¢ € R.

In the rest of this section, we further develop some basic properties of the
(e, Lo, L1)-signature and study the normal forms of L-degenerate symplectic ma-
trices.

LEMMA 4.4 (Lemma 2.3 of [[34]). Let k € N and let

(Ix 0
P=(¢ 1)

be any symplectic matrix. Then P ~ I;p o Ni(1,1)%7 o Ny (1,—=1)°" with p =
m®(C), g =m=(C), andr = m™*(C).

DEFINITION 4.5. We call two symplectic matrices M and M» (L¢, L1)-homotopic
equivalent in Sp(2k), and denote the relationship by M; ~ M, if there are
Pj € Sp(2k) of the form P; = diag(Q;, (QJT-)_I), where Q; is a k x k invertible
real matrix with det(Q;) > 0 for j = 1,2 such that

My = P M, P;.
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Remark 4.6. Let

Ci D;

ki1 = ko, and My ~ M,; then A{Cl and BlTDl are congruent to A;Cz and
B D, respectively. So m*(A]Cy) = m*(A}C>) and m*(B{ D1) = m* (B, D>)
for x = +,0. Furthermore, if My = My © M5 (here k1 = k» is not necessary),
then

@ m*(A5Co) = m*(A]C1) + m*(A5Ca),
' m*(Bg Do) = m*(B{D1) +m™* (B} D),

and so m*(ATC) and m*(BT D) are (L, L1)-homotopic invariant. The following
formula will be used frequently:

T T
(4.2) NeM{TIN My = Ly +2 (BICI BlDl) .

A{Cy C|B
It is clear that ~ is an equivalence relation and we have the following lemma:
LEMMA 4.7 (Lemma 2.4 of [34]). For My, M, € Sp(2k), if My ~ M, then
sgn Me(M1) = sgn Me(M2), 0 <|¢] <1,
NeM{INe My ~ Ny M5 N M.

By results in [32H34]], we have the following Lemmas [4.8H4.10] which will be
used frequently in Section

LEMMA 4.8 (Lemma 2.5 of [34]). Assume

P= (é‘ g) € Sp(2k),

where A, B, C, and D are all k x k matrices.
() Let ¢ = max{m™(ATC),m*(BTD)}; we have

1
EsgnMs(P) <k—-g—vp,(P), 0<—-—e<K1,

%sgnMs(P) <k—-—q—vr,(P), 0<ekl.
(i1) If both B and C are invertible, then
sgn M (P) = sgn My(P), 0<]|e| < 1.
LEMMA 4.9 ([32]). Fory € P.(2), b > 0, and & > 0 small enough we have
sgn M1, (R(0)) =0 forf eR,

sen My (P) =0  ifP = (‘8 3) witha € R \ {0},

a
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sgn M. (P) =0 ifP == ((1) ?) or + (_; (1)) ,
. 1 —b
sgn M. (P) =2 ifP == o 1)

sgn M. (P) = -2 ifP == ([17 (l)) .

LEMMA 4.10 (Lemma 2.9 of [33]]). Let 2k x 2k symmetric real matrix E have the

block form
(0 E
e= (s &)
Then
(4.3) m*(E) > rank Ej.

Lemma [4.13] and Lemma [4.14] are key technical results of this paper. The next
lemma is used in the proof of Lemma4.13]

LEMMA 4.11. Let Ay and Az be k x k real matrices. Assume that both A1 and
A1 A3 are symmetric and 0(A3) C (—00,0). Then

4.4) sgn Ay + sgn(A;A3) = 0.

PROOF. Itis clear that A3 is invertible. We prove Lemma4.11]in the following
two steps.

Step 1. We assume that A; is invertible and proceed by induction on k € N.

If k = 1, then Ay, A3 € R and obviously holds. Now assume holds
for 1 < k <. If we can prove for k = [ 4 1, then by mathematical induction
(@4) holds for any k € N and Lemmad.11]is proved in the case 4; is invertible.

In view of the real Jordan canonical form decomposition of A3, we only need to
prove (4.4) for k = [ + 1 in the following two cases.

Case 1. There is an invertible (/ + 1) x (I + 1) real matrix such that 0~ 430
is the (I + 1)-order Jordan form

()L 1 0 e ... 0\

o A 1 . 0

0 0 o~
— Aa3

.o 0

S0 . T

\0 N 0 )L)

with A < 0. B
Denoting by A1 = QTA;Q, we have

A4z = Q7410 071450 = 074, 450.
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Hence both matrices A 1 and A 1 A 3 are symmetric and
4.5) sgn A1 + sgn(A; A3) = sgn A+ sgn(/ﬂA}).

Since Ay = (ai,j)1<i,j<i+1 and A1 A3 = (¢i j)1<i,j<i+1 are symmetric, a; ; =
ajjandc;; =cj;forl <i,j <l +1.

Claim4.12. a; j =0fori+ j <!+ 1landa;; = ajqy,; fori +j =1+ 2 with
1<i,j<Il+1
PROOF. For2 < j <[+ 1,since c1,; = ¢j1,
Aay; +ar,j—1 = Aaj1 = Aayj.
Thus
(4.6) ap,j-1 =0, 2=<j<Il+1.
For2 <i,j <1+ 1,since ¢;; = c;; we have

Aaij +aij—1 = Aaji +aji-1 = Aa;j +ai-1,j.

So
4.7) aj,j—1 =daj-1,j, 2=i,j<I1+1.
By (@.6) and we have
“8) aj,j = ai—l,jﬂ : s = a?,i—i—j'—z =dyi+j-1 =0,
1<i,j and i+j<I[l+1,
4.9) aj41,1 =4ajp =aj—13 =+ =dy] =dy1]41-
Hence, by (4.8) and (.9), Claim§.12]is proved. O
By Claim[{.12] leta = ay ;4 1; then
(00 000 0 a)
0 0 0 0 0 a =x
5 0 0 0 O * ok
A1=]10 0 O * k% x|,
0 0 * x ok %
0 a *x * % *x %
a % % x * % *)
(4.10)
0 0 0 0 0 O Aa\
0 0 0 0 0 Aa =
o 0 0O 0 0 - = *
A1A3=]10 0 0 - % x x%
0 0 * ok %k *
0 la *x * *x *x x
\)La * % ok k% *)
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It is easy to see that zzfl /T3 is congruent to )L;fl. Since A < 0,

sgn(A1 A3) = sgn(AAy) = —sgn(Ay),
sgn(/Tl 13) + sgn /Tl = 0.

#@.5) and (@.11)) imply (@.4). Hence Step 1 is proved in Case 1.

Case 2. There exists an invertible (I + 1) x (I 4+ 1) real matrix Q such that
0 1430 = diag(A4, As), where Ay is a ky x kj real matrix with o(44) C
(—00,0) and A5 is a kp-order Jordan form

4.11)

A1 0 -+ 0
0

As = 0
0 oo 1
0 - --- 0 A

withA < 0,1 < lekz <l,andky +ky,=1+1.
We still denote A; = QT A, Q; then

A1d3 = 07410 071430 = 0741 450.

So both A- 1 and A 1 A 3 are symmetric and
4.12) sgn A1 + sgn(A; A3) = sgn A+ sgn(;fl/l}).
Correspondingly, we can write A7 in the block form decomposition

~ E, E;

Al = ,

- (5 %)
where E is a k1 X kq real symmetric matrix and E4 is a kp X ko real symmetric
matrix. Then
1A = (E1A4 E2A5)

EJAs E4As

is symmetric.

SUBCASE 1. E4 is invertible.
In this case we have

@13 (M —E,E;Y\ (E1 Ez I, 0 _
‘ 0 Iy, E; E4)\-E}'E] I,

E\—EE;'E] 0
0 E4
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and
Iy, — E2E]! E1As EAs Iy, 0
0 Iy, E;A4 E4A5 —E4_1E; I,
(4.14) _ E1A4—E2E4TIE-2I-A4 0
‘ 0 E4As
_ ((E1— E2E;'E}D)As 0
- 0 E4 As )

Since the matrices A and A} A3 are symmetric and invertible, by @#13) and (4.14),
both E1—E> E4_1 E; and (E1—E> E4_1 E;)A4 are symmetric and invertible. Hence
from1 <k; <I,0(A4) C (—00,0), and our induction hypothesis we obtain

(4.15) sgn((E1 — E2E;'E;)As) + sgn(E1 — E2E;'E}) = 0.

By @.14), E4As is symmetric. Since E4 is symmetric and invertible, 0(A4s) C
(—00,0) and 1 < k, </, by our induction hypothesis we have

(4.16) sgn(E4A5) +sgn E4 = 0.

From (4.13) we obtain

(4.17) sgn A1 = sgn(E1 — E2E; ' E]) + sgn Eq.
By there holds

(4.18) sgn(glgg) = sgn((E1 — EZEZIE;)A‘;) + sgn(E4As).
Then by (@.13)-@.18) we have

(4.19) sgn(A; Az) +sgn A} = 0.

Therefore, @.12)) and @.19) imply (@.4).

SUBCASE 2. E4 is not invertible.
In this case we define k,-order real invertible matrix

(00000 0 1Y
00000O0T10
0000 - 00
Eo=|0 00 - 00 0
00 -0000
0100000
\l 000000

Then it is easy to verify that EgAs is symmetric and E4 + ¢E¢ is invertible for

0 < ¢ < 1. Define
A = Eq E>
* T \E] Es+eEy)
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Since A 1 and A 1 A 3 are invertible, we have that both A, and Agg3 are symmetric
and invertible. Thus
(4.20) sgn A = sgn Ag, sgn(;fl;l}) = sgn(Agff3) for0 < e « 1.

By the proof of Subcase 1, we have

4.21) sgn(Aggg) +sgn A, = 0.
So from we obtain

(4.22) sgn(/Tl /T3) + sgn /Tl =0.
Then @.4) holds from {@.22).

So in Case 2 (@.4) holds for k = [ + 1. Hence in the case A; is invertible,
Lemma.TT]holds and Step 1 is finished.

Step 2. We assume that A is not invertible.
If A1 = 0, (4.4) obviously holds.
If 1 <rank Ay = m < k — 1, there is a real orthogonal matrix G such that

0 O
T = -~
(4.23) G A1G (0 A1) ,

where A; is an m™-order invertible real symmetric matrix. Correspondingly, we
write
- F F
1 _(f 2
G A3G = ( F F4) ,

where Fy is a (k —m) x (k — m) real matrix and Fj is a m X m real matrix.
Since A1 A3 is symmetric, from

0 0
T _ AT -1 Y -
G A1A3G =G 'A1GG™ " A3G = (A1F3 A1F4)’

we get A F3 = 0. Hence F3 = 0 by the invertibility of A1. Therefore can write

-1 _ (P P>
4.24) G A5G = (0 Fi )
Hence
0 0
T T_ R
4.25) G A1A3G' = (0 A1F4) ,

where A 1 F4 is symmetric. Also, by (4.24) the matrix Fj is invertible and o (Fy4) C
(=00, 0). Thus by the proof of Step 1, there holds

(4.26) sgn(ffl F4) + sgn Ay =0.
Identities (4.23) and (4.23) give
(4.27) sgn(A1A3) +sgn A} = sgn(le F4) 4 sgn Aj.

Then @.26) and (#.27) give (@.4). Hence Step 2 is proved.
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By Step 1 and Step 2 Lemma4.11]holds. O

We recall that the elliptic height e(P) of P is the total algebraic multiplicity of
all eigenvalues of P on U for any P € Sp(2n) (cf. [20, def. 1.8.1]).

LEMMA 4.13. Let

Ay Iy
R = € Sp(2k
(4 %) espen

with Az being invertible. If e(Ny R"' Ny R) = 2m, where 0 < m < k, then

1
(4.28) m—kfzsgnMg(R)fk—m, 0<le| K 1.

PROOF. Since e(Ny R™!NyR) = 2m, there exists a symplectic matrix P &

Sp(2k) such that
(4.29) P YNy RTINLR)P = Q10 Q>

witho(Q1) € U,0(02)NU = @, Q1 € Sp(2m), and Q, € Sp(2k —2m). By (ii)
of Lemma[4.8] since A3 is invertible we only need to prove {.28) for ¢ = 0.

Step 1. Assume A; is invertible.
Since R is symplectic, we conclude from RTJ; R = Ji that AIA3 and A, are
symmetric and

AJAz — A} = I.
Because R is also symplectic, A is symmetric. Hence A A3 is symmetric and
(4.30) A1Ay — A = I.

By definition we have

_ ot 0 Ik 0 I
Mo(R) = R (_Ik o )R+ (1 o

(A4 AT
4.31) _—2( )

Since A7 is invertible, there holds
Ir 0\ (4143 A} (I —A7!
—Al_l Iy Az Ay 0 Iy

~ (A143 0
L0 —AT'Al 4+ 4,

A1As 0
(4.32) — ( Y ) ,
0 A7l
where in the last equality we have used the equality (4.30). From (4.32) we obtain

1 1 A1As 0
(4.33) EsgnMo(R):—Esgn( 10 3 Al_l).
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By the Jordan canonical form decomposition of a complex matrix, there exists
a complex invertible k-order matrix G such that

Uy ok * * *
0 upy =x * *
Gi'4sGr = . . %«
0 Up_q *
0 0 U
with uy,us,...,u; € C.
#@.2) gives
A A
-1 _ 3 2
(4.34) N RT"NyR = I +2 (A1A3 Ag) .
Since

I 0 Az Ar I O _ Iy +2435 Ap
—Ar I )\A145 AL)\A1 L)\ -4 —I )’

by (@.34) we have

-1
I, O -1 Iy 0\ (31 +443 243\
(4.35) (Al Ik) (Nx RN R) (Al Ik) = ( iy I R;.

By ([@.35), for any A € C we get

((A=3) [ —443 24,
(4.36) Al — Ry = ( 24, Gt )

Since A is invertible, by (@.30) there holds
(Ik —LA =3 - 4A3)A1‘1) ((A —3) —443 24, )
0

I 24 A+ DI
(4.37) K L A+ D
_ (0 —3O* =21+ DI — 4r43) 4]
241 A+ DI '
Then by (4.36)-(@.37) we have
(4.38) det(Alp; — Ry) = det((A% — 24 + 1) I} — 41 43).

Denote by u1,uz, ..., u, the k complex eigenvalues of A3; (4.38)) gives

k
det(Alox — Ry) = [[(A* =24 + 1 — 4Au;)
i=1
k
(4.39) =[] - @+ 4uir + 1.

i=1
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Thus from @.33)) and {.39) we get

k
det(Alox — Ny RT'NgR) = [[(A* =24 + 1 — 4Au;)
i=1
k
(4.40) =[]* - @+ 4ur +1).
i=1

It is easy to check that the equation A2 —(2+u;)A+1 = 0 has two solutions on U if
and only if —4 <u; <O0fori = 1,...,k. So by @.29) without loss of generality
we assume u; € [—4,0)for1 < j <mandu; ¢ [-4,0)form +1 < j < k.
Then there exists a real invertible matrix of k-order Q such that

07450 = (%4 /?5) = A3

and o (A4) C [-4,0),0(A5)N[—4,0) = @, where A4 is an m-order real invertible
matrix and As is a (k — m)-order real matrix.
Denote A; = QTA;Q. We have

A1A3 = 07410 071430 = Q74,1 450.
Hence both A 1 and A 1 A 3 are symmetric, and we conclude that
(4.41) sgn A1 + sgn(A1A3) = sgn /Tl + sgn(/hflfﬂ).
Correspondingly, we can write A} in the block form decomposition
_(E1 E>
where E; is an m-order real symmetric matrix and E4 is a (k — m)-order real
symmetric matrix. Then

0

-~ (EiAs E>As
Ads = (EgA4 E4A5)

is symmetric.

By the same argument used in the proof of Subcase 2 of Lemma [.11] without
loss of generality we can assume FE7 is invertible (otherwise we can perturb it
slightly so that it is invertible). So as in Subcase 1 of the proof of Lemmal.11} we
obtain

L 0 Ei E>\(In —ET'E,
4.42 _ 1 =
@ (—E§E11 Ik—m) (Eg 54)(0 Ii—m

E; 0
0 Es—EJE['E,
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and

Im 0 E1Ay EAs\ (I, —E7'E,
4.43 _ 1 =
(443) (—EgEll Ik_m) (E§A4 Eaas)\ 0 1w

E1As 0
0 (Es—EJET'Ey)As)”

By (@.43) we also have Eq A4 is symmetric. Since E; is symmetric and invertible,
0(A4) C [—4,0), by Lemma.11| we have

(4.44) sgn(E1A4) +sgn E; = 0.
By (.42) and (4.42), there hold
(4.45) sgn A1 = sgn(Es — EJETVE2) + sgn Eq,

(4.46) sgn(A143) = sgn((Ea — EJET' E2) As) + sgn(E1 Ag).
E49)-[@.49) give
sgn(A1A3) + sgn A1 = sgn((Eq — EJE7 ' E2) As)
(4.47) +sgn(E4 — EJETEy)
e [=2(k —m), 2(k — m)].
Then @.28) holds from (4.33)), @.41), and (4.47).

Step 2. Assume A is not invertible.
If A1 =0, then A3 = —I; and m = k. Tt is easy to check that

_ 0 I . 0 I
MO(R)—2(Ik —Az) is congruent to 2(Ik 0),

so sgn Mo(R) = 0 and (@.28)) holds.
If 1 <rank A; = r < k —1, there is a k x k invertible matrix G withdetG > 0
such that

(4.48) (G™HTA4,G71 = diag(0, A),

where A is a r x r real invertible matrix. Hence

(GT)_lAlG_l I
GA3G™! GA,GT

0 0 I, O
0 A 0 I
B, B, D1 Dy|’
By By D3 Da

diag((GN)™!,G) - R - diag(G™!,G") = (
(4.49) ‘=R, =

where By and D are (k —r) x (k —r) matrices and B4 and D4 are r X r matrices.
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Since R; is symplectic and A is invertible, there holds R;J r R = Ji. Itimplies
that B3 = 0, D3 = D;, By = —1I;_,,and D; and D4 are symmetric. Thus

0 0 Iy, O
0o A 0 I
By By D1 D
0 Bs D) Dy

Ry =

For ¢ € [0, 1], we define

0 0 I, O

o A o I
pu) = By tB, tDy tDj
0 Bs D) Dy

It is easy to check that f is a symplectic path and vy, ; (B(7)) = O forall 7 € [0, 1]
and j = 0, 1. We also have 8(1) = R, and

0 0 I, O
o A o L]|_ ALY
BO=1p 0o o o |=Tkre (34 1)4) = Rs.
0 By 0 Dy
Then by lemma 2.2 of [32]], Lemma[4.9] and Remark [4.3| we have

1 1 1 A T
5 sen Mo(R2) = 5 sen Mo(=Jk—r) + 5 sgn Mo ((34 Dr4))

1 A I,
4.50) =3 sgn My ((34 D4)) .
Since Ry ~ R, by (4.50) we have
1 1 A I
4.51) 3 sgn Mp(R) = 3 sgn My ((34 D4)) .

By (@.2), there holds

By B, D D
0 Bs D) Dy
0 0 B 0
0 ABs B, B]

(4.52) NiRS'Ni Ry = Ipp +2

By @.52)) for any A € C, we obtain
det(Alox — N Ry Ny R»)
= det((A — 1) Ix_, — 2By) det((A — 1) Ix_, —2B))

ot (= DI =284 2Dy
¢ —2AB4 (A— 1)1, —2B]

(4.53) = det(Alo; — Nx R3 ' Ny R3),
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where
Bi 0 0 0
_ 0 By 0 D
NiR3'NiR3 = Ik +2| 04 B! 04
0 AB; 0 B]
So {@.53) gives
(4.54) o(Nx RNy R) = o (Nt R ' Ni Ry) = o (Nx R3 ' Nk R3).
Since B; = —1I_, and
_ A Ir
R3—(—Jk_,)<>(34 D4),
[@.59) gives
-1
A I ALY
(4.55) e(N, (34 D4) N, (34 D4))—2(m—(k—r)).

Step 1 implies that
(4.56) =

1 A Ir
soin (5, 5,))

Then (@.28)) follows from (4.51) and (4.56). This finishes the proof of Step 2.
With Step 1 and Step 2, the proof of Lemma[4.13]is completed. O

<r—(m-—(k—-r)=k—m.

The following result is about the (Lg, L1)-normal forms of Lg-degenerate sym-
plectic matrices, which generalizes lemma 2.10 of [|33]].

LEMMA 4.14. Let R € Sp(2k) have the block form

A B .
R—(C D) withl <rank B =r < k.

We have
(1)

Ar B1 I, O

0 Dy 0 O

As Bz A4, 0 |’

Cz3 D3 Cy, Dj
where A1, Ay, A3 are r X r matrices, D1, D», D3 are (k —r) x (k —r)
matrices, B1, B3 are r x (k — r) matrices, and C2,Cz are (k —r) xr
matrices.

(i1) If Az is invertible, we have

A1 I, Di 0
(4.57) R (A3 A2)0(53 D,)

where D3 is a (k — r) x (k — r) matrix.

R’\/
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(iii)) If1 <rank A3 = A <r — 1, then

A, By I,_; 0
U I, 0 Di 0 0

(4.58) R“’(A V)° 0 B A, o]
Cs D3 C, D>

where A1, A are (r — M) x (r — A) matrices, B1, By are (r — A) x (k —r)
matrices, C2, C3 are (k —r) x (r — A) matrices, D1, D», D3 are (k—r)x
(k — r) matrices, U, V, A are A x A matrices, and A is invertible.

(iv) If A3 = 0, then Ay, Ay are symmetric and A1 A» = I,. Supposem™ (A1) =
p,m (A1) =r —p,and 0 <rank B3 = A < min{r, k —r}, then

1 l <>P+q_ 1 —l <>(r_p'i'q—"_) 0
(4.59) Ny R"'NgR ~ ( ) o ( ) o Iy7 o D(2)°*,

0 1 0 1
(4.60) mt(ATC) =21 +4q",
(4.61) m®(ATC) =r -1 +¢°,
(4.62) m (ATC)=A+4",

where g* > 0forx = +,0,q7 +q°+q~ =k —r — A, M°® means the
corresponding component does not appear at all for M being one of the
four matrices on the right-hand side of ({@.59).

PROOF. By lemma 2.10 of [33]] or the same argument used in the proof of the-
orem 3.1 of [34], (i)—(iii) hold. So we only need to prove (4.59)-#.62).
By (i) and A3 = 0 we have

Al By I, 0
0o Dy 0 0]
(4.63) Rl o moa o | =R

Cs D3 Cy Dy

Since R; is symplectic we have RIJle = Ji. Then we have A1, A, are sym-
metric and A1 4, = I,. Dng = I;_, and A-{B3 = C3TD1. (4.2)) yields

I 2B3 245 0
0 I 0 0
-1 _ k—r
464)  NpRU'NeRi=|[ 2ATE, o

2BJAy 2B{B3;+2D{D3 2B] I,
By Remark [4.6| we obtain

(4.65)  m*(A'C) =m* 0 A1 B3 x=+,—0
' - BlAy B[Bz+DIDs)) ~— T
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Since 0 < rank B3 = A < min{r, k —r}, there exist r x r and (k —r) x (k —r)
real invertible matrices G and G5 such that

_(Ix 0\ _
(4.66) G1B3G, = (0 0) = F.

Note that if A = 0 then B3 = 0lif A = min{r, k — r} then
GlBng = (1,1 0) or (C(I)A) 5

if A =r =k —r then Gy B3G, = ;. The proof below can still go through by a
suitable adjustment.

By (.60) we have
GiA7! 0 0 A]Bs; ATIG] 0
0 Gj)\BjA1 B[B3+ D]Ds; 0 G
0 0 I, O
_ 0 GiB:G,\ _[0 0 0 0O
(4.67) —(G;B;G{ U )— I, 0 U U
0 0 U, Us
Then
I 0 0 0 0 0 I, O
0 L, O 0 0 0 0
—%Ul 0 I 0 I, 0 Ui U
-U, 0 Ir—r_z) \O 0 U, Us
I -iuy -0,
0 I, O 0
(4.68) o 0 I 0
0 0 0  Ix—yi
0 0 I, O
1o o0 o0 o0
|10 0 o0
0 0 0 Us
Set
(4.69) g* =m*(Uy), *==,0.

Then gt + ¢° + ¢~ = k — r — X and #60)—#.62) hold from @.63)), #.67), and
@.68).
Also by {@.68) and Lemma 4.4 we have

- +
Iieys O (1 1\ og® (1 —1\°1
4.70) ( 2, Ik—r—/\) ~ (O 1) o Iy" o 0 1 .
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By (@.67), there holds
diag((G{)™'41,G3 1, G1 AT, G3) (Nk Ry ' Nk R1)
-diag(A7'G]. G2, A1GT 1. (G)) ™)

4.71) I, 2E 24; 0
0 I, O 0
0 2F I, 0

2FT 2U 2ET I,

=M,

where /Zfl = (G-lr)_lAlGl_l and E = (GI)_1A133G2 = /TlF.
Since M is symplectic, we have MTJy M = Ji. Then we have E = A F.

Since /Tl = (GI)_lAlGl_l, it is congruent to diag(ay, as, ..., a,) with
ai - 1, 1 El E pv

4.72) .
aj=-1, p+1=<j=<rforsome0=<p=r.

Then there is an invertible r x r real matrix Q such that det O > 0 and
04,07 = diag(ay,az,...,ar)
4.73) = diag(diag(ai,az,...,ay),diag(ay+1,...,ar))
= diag(Al, Az).

Since det Q > 0 we can join it to /, by an invertible continuous matrix path. So
there is a continuous invertible symmetric matrix path o« such that o (1) = A;
and o1 (0) = diag(ay,az,...,ar) with

m*(a1(1)) = m*(A;) = m*(41), t€[0,1], * = +,—.

Define symmetric matrix path

B 2tU; 2tU,
az(l) = (2IU2T 2U4) y t e [0, 1]

For ¢t € [0, 1], define

I, 201()F 201 (1) 0
o ., 0 0
pOI=1 oF I, 0

2FT (1) 2FTa1(t)T I,

Then since M is symplectic, it is easy to check that 8 is a continuous path of
symplectic matrices. Since
(I, O
r=(5 )

and o (¢) is invertible, by direct computation, we have
rank(B(¢) — Ix) = 2A + rank(oq(¢)) 4 rank(Us)
=2+ +mT(Us) + m™(Us).
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Hence
vi(B(1)) = vi(B(1)) = vi(M), 1€]0,1].
Because o (S(t)) = {1}, by Definition[2.2]and Lemma[2.4

M = B(1) ~ B(0)

(IA 0 2A; 2A; O
0 I, 0 0 2A,

O 0 I, 0 0

0 0 20, I, 0
o 0 0 0 I,

20, 0 0 241 0

(1,1 2A1 2A7 O
0 I 0 0f (L 28\ (lkra O

0 21, I, 0 0 I Ws Iy
\21, 0 2A 1,
(I)L 2A1 2A7 O
10 I, 0 0 r 1 2a; ) Y 0

= o, I, 0= (0 )%\ 2vs L)

0
20, 0 241 1)

o [Tk—r—2 0
2Us Ig—p—»

SO O OO

%

We define the continuous symplectic matrix path

I; 2(1 —t2)Aq 2A1 0
B 0 (1 +1)1y 0 0
v(t) = 0 2(1— Z‘Z)IA I, 0 , tel0,1].
2(1 — 1)1, 0 20-0Ay 51x

Since A is invertible, v(¥(¢)) = A fort € [0,1]. Soby o (¥ (¢)) N U = {1} for
t € [0, 1] and Definition 2.2 we obtain

I, A 2A; O

o I, 0 o o

21 0 2Ay I
(I 2M o 21, O
—\o 1, 0 3,

(4.74) = oh, ((1) z‘l’f ) o D(2)°*.

Thus by @.74), (4.74), and Remark [2.3] we get

1 aj A Tg—r— 0
(4.75) M =~ (<>J’-=1 (O lj)) o D(2)*" o ( U; Ik—r—k) .
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So by @.70), (4.72), and Remark [2.3] there holds

| 1\°@ra) o\ °C—p+a®) 0
(4.76) Mz(o 1) 0(0 1) o Iy% o D(2)%*.

By Lemma[4.7, (.63), and (#.71), we have
4.77) Ny R"'NyR ~ M.

Then (@.59) holds from (.76)) and @.77). The proof of Lemma[4.14]is completed.
O

5 The Mixed (L, L1)-Concavity

DEFINITION 5.1. The mixed (Lg, L1)-concavity and mixed (L, Lg)-concavity
of a symplectic path y € P(2n) are defined respectively by

I’L(Lo,Ll)()/) = lLO()/) - le ()/)3 M(L],Lo)()/) = iLl ()/) - VLO(V)'

Proposition C of [21]], proposition 6.1 of [[17], and Theorem [4.2]imply the fol-
lowing result:

PROPOSITION 5.2. There hold

G oL@ + rwi.Lo ) =i —v(y?) —n,

1
(52)  m@o.L) (V) = I(Ly,Lo)(¥) = concav(y ; \(y) = 5 sen M (y (7)),
0<—-exl.
Theorem [I.10]in Sectior(I]is a special case of the following result:

THEOREM 5.3. For y € P.(2n), let P = y(v). IfiL,(y) > 0, ir,(y) > 0,
i(y) >n,and y*(t) = y(t — 1)y () forall t € [r,21], then

(5.3) (Lo,L) (V) + Spa(1) = 0,
(54) M(L],L())(y) + S;_Z(l) Z 0

PROOF. The proofs of (5.3)) and (5.4)) are almost the same. We only prove (5.4)),
which yields Theorem (1.10]

Claim 5.4. Under the conditions of Theorem [5.3] if

op1
(5.5) P2~ ((1) }) o D)7 o P

then

(5.6) i(y?) +285,() —v(y®) = n+ p1 + p2.
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PROOF OF CLAIM[3.4l By theorem 7.8 of [19] we have

oqr (1 1\°® (1 —1\°P oda
P~I1,"" ¢ 0 1 °lo 1 o (—17)

-1 1°Q5 -1 -1 46
Lo -1) °Lo -

5.7
o R(B1) 0+ 0 R(flg;) 0+ 0 R(0gy+45)

< Nz(a)l,bl) R Nz(a)qg,bqg)

o D(2)°710 & D(—2)°%11,

where g; > Ofor1 <i <11 withgy +¢g2 +---+ g8 + 299 + q10 + q11 = 1,
0; € (0,m)forl <j <q7,0; € (m,2n)forg;+1 < j <q7+q3, w; € (U\R)
for1 < j < g9, and

bj = (ZJ Z]Z) satisfying bj» # bjz for 1 < j < qo.
j j
By (5.7) and Remark [2.3] we obtain
©(q2+4e) ©(q3+4g5)
2 o(q1+4g4) 11 1 -1
P? o~ [T <>( ) <>(

0 1 0 1
(5.8) o R(261) 0+~ 0 R(204,) 0 -++ & R(204,4 45)

o Na(w1,b1)? 0 -+ 0 No(wgy, bgo)? © D(2)°W10Ta11),
By theorem 7.8 of [19], (5.3)), and (3.8)), there hold
(5.9 42 + 46 > p1. 410 +q11 = p2.

Since y2(t) = y(t — t)y(r) for all ¢ € [r,27], we have y? is also the second
iteration of y in the periodic boundary value case, so by the Bott-type formula (cf.
theorem 9.2.1 of [20]), the proof of lemma 4.1 of [21]], and Lemma[2.5] we have

(%) +285 (1) —v(y?)

=2i()+2SEM+ Y (SgeV1)

0e€(0,m)
(X SV + (P = SEM) + (-1 (P) = Sp (1))
6€(0,m)

= 2i(y) +2(q1 +q2) + (g8 — q7) — (91 + 43 + qa + q5)

> 2n +q1 +2q2 + (98 — q7) — (g3 + g4 + q5)

=n+ (291 + 392 + g6 + 298 + 29 + q10 + q11)

>n+ 292+ g6 + q10 + q11

(5.10) >n+ p1+ p2,
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where in the first equality we have used S;Lz(l) = S;(l) + S;r (=D and v(y?) =
v(y) + v—1(y), in the first inequality we have used the condition i (y) > n, in the
third equality we have used that g1 + g2 + -+ + g8 + 299 + g10 + g11 = n, and
in the last inequality we have used (5.9). By Claim[5.4] holds. O

We continue with the proof of Theorem We set A = w(r,,L0)(¥) + S;rz (1)

and B = ju(zo,L,)(¥) + S, (1).
By proposition C of [21]] and proposition 6.1 of [17] we have

(5.11) iLg(¥) +ir, () =i(%) —n. vro(y) +vL, () = v(?).
From or we obtain
(5.12) A+B=i(y?)+255,1)—v(y?) —n.

Case 1. vp,(y) =0.
In this case, ir,, (y) + S;,rz(l) —vro(y) =0+ 0—0 = 0and (5.4) holds.

Case?2. vp,(y) =n.
In this case
A 0
r=(¢ b)
so A is invertible and
(5.13) m®(ATC) = vr,(P) = vr, (7).

By Lemma 4.4 we have

Sy (i O
NP NP_(zATC L

~ IO 6 Ny (1, 1)°m A0 6 Ny (1, —1)omTATO),

By Claim[5.4] (5.14), and (5.12), there holds
(5.15) A+B=>m(A7C).
By Theorem[4.2] Lemma4.8] and we obtain
(5.16) A—B=>mT(ATC) + m°(ATC) —n.
Then and give

2A>m (ATC) + (mT(ATC) + m°(ATC)) —n =0,
which yields A > 0 and (5.4)) holds.

Case3. 1 <vp,(y) =vr,(P)<n-—1
In this case by (i) of Lemma[4.14] we have

(5.14)

Ay By I, 0
p_(A B 0 Dy 0 0
~\c b As Bz Ay 0 |

C3 D3 C» D,
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where A1, Ap, A3 are r X r matrices, D1, Dy, D3 are (n — r) x (n — r) matrices,
B1, Bz are r x (n — r) matrices, and C;, C3 are (n — r) X r matrices. We divide
Case 3 into the following three subcases.

SUBCASE 1. A3 = 0.

In this subcase let A = rank B3. Then 0 < A < min{r,n — r}, A1 is invertible,
A1A, = I, and Dng = Ir_,, so we have A is invertible; furthermore, there
holds m%(ATC) = dimkerC = vp,(P). Suppose m* (A1) = p, m™(41) =
r — p; then by (iv) of Lemma[4.14] we have

1 1 <>p"'q_ 1 _1 <>(r_p'i'q—"_) 0
(5.17) Ny R"'NgR ~ ( ) o ( ) o IyT o D(2)°*,

0 1 0 1
(5.18) mt(ATC)=1+4",
(5.19) m®(ATC) =r — A +4°,
(5.20) m (ATC) =144,

where ¢* > 0forx = +,—,0andg™ +¢°+¢  =n—r —A.
By (5.17) and Claim[5.4] there holds

(5.21) i) +2S5()—v) zn+p+q +Azn+q + 4.
(5.21)) and (5.12) give
(5.22) A+B>q +A.

By Theorem[.2] Lemma4.8] and (5.18)—(5.20), we have
A=B>mT(ATC)+m°A"C)—n=qg" +2+r—2+4¢°—n
(5.23) =r+qt+4%—n.
Since g7 +¢° + ¢~ =n—r — A, 5.22) and (5.23) imply
2A>q" + A+ +q" +¢% —n

=@ +q"+4)—(n—r-2)
=0,
which yields (5.4).

SUBCASE 2. Aj is invertible.
In this case by (ii) of Lemma[4.14] there holds

A I, D1 0) _
(5.24) P (A3 A2)0(53 p,) =FreP

where D3 is a (k — r) x (k — r) matrix. Then by (3.24) and Lemmawe obtain
(5.25) P% ~ (N, P{'N, P1) o (Ny—y P5 ' Ny—y P2).
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Let e(NrPl_lNrPl) = 2m; by Lemmawe have 0 <m < r and
1
(5.26) > sgn Mo (P1) <r—m, 0<-—e<K1.

Also by (5.23) and (5.8), there exists P; € Sp(2m) such that
(5.27) N, P{'N, Py ~ D(2)°C—™ o P,
By Lemma[4.4] there holds

Nu—r P3 ' Np—r Py

= (o5fs 1)
“\2D[D;3 Iy

—(DTD ~ +(DID3)
11\ PP opihy (1 1) PiPs
(5.28) R (0 1) o1, o (0 1 ) .
So by Claim[5.4and (5.27), (5.28)), (5.23), and (5.12) we have
(5.29) A+B>m (DID3)+r—m.

By Theorem {.2] and Lemma [.8] together with Lemma[@.13] for 0 < —¢ < 1
we get

A-B= —% sgn M (P1) — % sgn M (P2)
> —r+m—(n—r)+m*(D]D3) + m°(D] D3)
(5.30) =m +m*(D]D3) + m°*(D]D3) —n,
where we have used the fact that mO(D153) = ker(53) =vr,(P2).
Note that
(5.31) mT(DID3) + m°(D1D3) + m~(D1D3) =n —r.
Then by (5.29), (5.30), and (5.31)) we have
2A > m_(DIﬁ3) +r—m+ (m+ m+(D153) + mO(DIl’)vg)) —n
= m* (D] D3) + m®(D{D3) + m™ (D] D3) — (n —r)
=0,

which yields (5.4).
SUBCASE 3. 1 <rankAz =/ <r—1.
In this case by (iii) of Lemma .14 there holds

A1 B IL,_; O
U I o D, 0 o)
(532) P ~ (A V) < 0 §3 gz 0 = P30 Py,
C3 D3 C; Dy
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where A1, A, are (r — 1) x (r — ) matrices, By, B3 are (r — ) x (n — r) matrices,
C,,Cs are (n —r) x (r — 1) matrices, D1, D», D3 are (n — r) X (n — r) matrices,
U,V, A are [ x | matrices, and A is invertible.

Let A = rank B3 and denote

A B
r=(% 2},
- (& 5)

where A,B,C,D are (n — I)-order real matrices. Assume m+(gl) = p and
m~ (A1) = r — [ — p; then by (iv) of Lemma we have

Ny PN Py ~ ( ) o ( )

(5.33) 0 1 0 1
o 1797 o D(2)°*,

(5.34) mT(ATC)=1+q",

(5.35) mP(ATC)y=r—1—21+4°,

(5.36) m (ATC)y=A+q",

where g* > 0forx = 4+, — 0andgt +¢°+¢q  =n—r — A
Let e(N; P3_1N1 P3) =2m. By Lemmawe obtain 0 <m </ and

1
(5.37) EsgnMg(P3) <l-m, 0<-—e<xK1.

By similar argument as in the proof of Subcase 2, there exists P; e Sp(2m) such
that

(5.38) N, P;IN, Py ~ D(2)°¢=™ & Ps.
So by Claim[5.4] (5.32), (5.33), (5.38). and (5.12) we have
(5.39) A+B>q +1—m+A.

By Theorem[.2] Lemma4.8] (5.34), (5.35) and (5.37), for 0 < —e < 1 we obtain
1 1
A-B= ) sgn M¢(P3) — 5 sgn Mg (Pa)
1 o o~
>~ s My(P3)—(n—1)—mT(ATC) +m°(A7C)

> Ad4m—m-D+A+qgH+0—-1-21+4%
(5.40) =@ T+¢°+r)—n—(1—-m).
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Since ¢ +¢% + ¢~ =n —r — A, by (5.39) and (5.40) we have
2A>q  +1l-m4+A+@qT+¢°+r)—n—(>1—-m)
=@ " +¢°+g)—(n—r—2)

=0,
which yields (5.4). Hence (5.4) holds in Cases 1 through 3 and the proof of Theo-
rem [5.3]is completed. O

Remark 5.5. Both the estimates (5.3)) and (5.4) in Theorem [5.3] are optimal . In
fact, we can construct a symplectic path satisfying the conditions of Theorem
such that the equalities in (5.3) and (5.4) hold. Let t = 7 and y(t) = R(t)°", t €
[0, r]. It is easy to see that

iLo) = > vro(y(®) =0 andalso ir,(y)= Y v, () =0,

o<t<m Oo<t<m

vro(y) = v, (y) = n, y*(t) = y(t = n)y(n) fort € [x,2x], i(y) = n, and
P = y(w) = —1»,. Hence by Lemma S;Lz(l) = S;;n(l) = n. Thus

/‘L(L(),Ll)(y) + S;_Z(l) = I’L(Ll,Lo)(y) + S;_Z(l) =0—n +n= 0.
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