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Nested space-filling designs are nested designs with attractive low-
dimensional stratification. Such designs are gaining popularity in statistics,
applied mathematics and engineering. Their applications include multi-
fidelity computer models, stochastic optimization problems, multi-level fit-
ting of nonparametric functions, and linking parameters. We propose meth-
ods for constructing several new classes of nested space-filling designs. These
methods are based on a new group projection and other algebraic techniques.
The constructed designs can accommodate a nested structure with an arbi-
trary number of layers and are more flexible in run size than the existing
families of nested space-filling designs. As a byproduct, the proposed meth-
ods can also be used to obtain sliced space-filling designs that are appealing
for conducting computer experiments with both qualitative and quantitative
factors.

1. Introduction. Computer experiments are widely used in science and en-
gineering [Fang, Li and Sudjianto (2006), Santner, Williams and Notz (2003)].
A large computer program can often be run with multiple fidelities. Qian (2009),
Qian, Tang and Wu (2009) and Qian, Ai and Wu (2009) introduced the concept of
nested space-filing design (NSFD) for running computer codes with two levels of
accuracy. A pair of NSFD L; C L, are two nested designs with the small design
used for the more accurate but more expensive code and the large design used for
the less accurate but cheaper code. These designs have following properties:

Economy: the number of points in L is smaller than the number of points in L»;
Nested relationship: L1 is nested within Lo, thatis, L C L»;
Space-filling: the points in both L and L, achieve uniformity in low dimensions.

The nested relationship makes it easier to adjust or calibrate the differences be-
tween the two sources.
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Multi-fidelity simulation modeling has received considerable attention over the
past few years, especially in the computational fluid dynamics and finite element
analysis communities where simulation costs are very high. For example, a finite
element analysis code can be run with varying numbers of mesh sizes, resulting
in multiple versions with three or more levels of accuracy. Multi-fidelity simula-
tion modeling is a common practice in engineering. Examples include Dewettinck
et al. (1999) for simulating a GlattGPC-1 fluidized-bed unit, Choi et al. (2008)
for an aircraft design application and Molina-Crist6bal et al. (2010) for a sub-
marine propulsion system application, among others. Specifically in Dewettinck
et al. (1999), they reported a physical experiment and several associated com-
puter models for predicting the steady-state thermodynamic operation point of a
GlattGPC-1 fluidized-bed unit. One physical model (72 exp) and three computer
models (123, 12,2, T»,1) are considered. Model 7> 3, which includes adjustments
for heat losses and inlet airflow, is the most accurate (i.e., producing the closest
response to 17 exp). Model T3 > includes only the adjustment for heat losses, thus
is the medium accurate. While model 77,; does not adjust for heat losses or inlet
airflow and is thus the least accurate. For such experiments, it is desirable to run
a multi-layer experiment using NSFDs with three or more layers, which makes it
easier to model the systematic differences among the models and implies more ob-
servations are taken for less accurate experiments [cf., Haaland and Qian (2010)].

However, NSFDs with more than two layers cannot be constructed by using the
methods in Qian, Tang and Wu (2009) and Qian, Ai and Wu (2009). The technical
reason is the modulus projection used in Qian, Tang and Wu (2009) cannot be ex-
tended to covering more than two layers. To overcome this limitation, we present
a new group-to-group projection, called the subgroup projection, in this paper and
then construct several new classes of NSFDs that can accommodate nesting with
an arbitrary number of layers and are more flexible in run size than existing de-
signs of this type. The subgroup projection is based on a new decomposition of
Galois fields. As far as we are aware, it is also new in algebra and may have other
algebraic applications beyond design of experiments. Some families of NSFDs
with more than two layers can be constructed from (¢, s)-sequences with an in-
finite number of elements [Haaland and Qian (2010)]. In contrast, the proposed
construction here is simpler and only involves a finite number of points. The con-
structed designs here can be used for multi-level fitting of nonparametric functions
[Fasshauer (2007), Floater and Iske (1996), Haaland and Qian (2011)] and link-
ing parameters in engineering [Husslage et al. (2003)], all of which involve nested
designs with more than two layers.

The proposed constructions also give new families of sliced space-filling de-
signs (SSFDs) which can be used to conduct computer experiments with both
qualitative and quantitative factors [Han et al. (2009), Qian, Wu and Wu (2008),
Zhou, Qian and Zhou (2011)]. Such computer experiments are often encountered
in practice, though most literature on computer experiments assumes that all the
input variables are quantitative. For example, Schmidt, Cruz and Iyengar (2005)
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described a data center computer experiment which involves qualitative factors
(such as diffuser location and hot-air return-vent location) and quantitative factors
(such as rack power and diffuser flow rate). For conducting such an experiment,
Qian and Wu (2009) proposed to use an SSFD, say S = (S, ..., S,)’, with each
slice S; being associated with a level combination of the qualitative factors. Here,
when collapsed over the qualitative levels, the points of the quantitative factors
achieve attractive stratification and at any qualitative level, the values of the quan-
titative factors are spread uniformly in a low-dimensional space. An SSFD can
also be used to run a computer model in batches and conduct multiple computer
models [Qian (2012), Williams, Morris and Santner (2009)]. Note that the subfield
projection used in Qian and Wu (2009) for constructing SSFDs is a special case
of the subgroup projection proposed in this paper, thus more SSFDs can be con-
structed here. Moreover, the SSFDs presented in this paper can be used to conduct
computer experiments with asymmetric qualitative factors.

This paper is organized as follows. Section 2 presents some useful definitions
and notation. Section 3 introduces a decomposition method of Galois fields and a
new algebraic projection, which play a critical role in the proposed construction
methods. Sections 4—6 provide new methods for constructing nested orthogonal
arrays, sliced orthogonal arrays and nested difference matrices, along with illus-
trative examples. Procedures for generating NSFDs from nested orthogonal arrays
and SSFDs from sliced orthogonal arrays are presented in Section 7. Comparisons
with existing work and concluding remarks are given in Section 8.

2. Definitions and notation. Latin hypercube and orthogonal array-based
Latin hypercube. A Latin hypercube L = (l;j) with n runs and m factors is an
n X m matrix in which each column is a permutation of 0,...,n — 1 [McKay,
Beckman and Conover (1979)]. Let A be an orthogonal array OA(n, m, s, t) with
levels O, ...,s — 1 [Hedayat, Sloane and Stufken (1999)]. If we replace the g =
n/s zeros in each column of A by a permutation of 0,...,g — 1, replace the ¢
ones by a permutation of ¢, ..., 2¢g — 1, and so on, we obtain an orthogonal array
(OA)-based Latin hypercube that achieves stratification up to ¢ dimensions [Tang
(1993)].

Sliced orthogonal array. Let A be an OA(ny, m, s3,t). Suppose that the rows
of A can be partitioned into v subarrays of n| rows, denoted by Ay, ..., A,. Fur-
ther suppose that there is a projection p that collapses the s, levels of A into s
levels with s, > s1 and A; becomes an OA(n{, m, s1,t) after level-collapsing ac-
cording to p. Then A, or more precisely (Ay, ..., Ay; p), is a sliced orthogonal
array (SOA) [Qian and Wu (2009)].

Nested orthogonal array and nested difference matrix. Qian, Tang and Wu
(2009) and Qian, Ai and Wu (2009) introduced the definition of nested orthog-
onal array with two layers, we now extend the definition to a more general case.
Suppose Aj is an OA(ny,m,s;,t) and p; for j =1,...,1 are a series of pro-
jections satisfying that p;(a) = p;(B) implies p;(a) = p;(B) for j <i. Then
(A1,..., A1 p1, ..., pr) is called a nested orthogonal array (NOA) with I lay-
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ers, denoted by NOA(Ay, ..., Ar; p1, ..., p1), if:

(i) A;_1 is nested within A; for2 <i <[, thatis, A{ C Ay C---C Ay;
(i1) pj(A;)isan OA(n;,m,sj,t) for j <i,

where n1 <npy < --- <ny and s1 < 52 < --- < s7. Given a difference matrix
D(ry,c,sy) [Bose and Bush (1952)], the concept of nested difference matrix
(NDM) with [ layers, denoted by NDM(Dy, ..., Dy; p1, ..., p1), is defined in a
similar fashion.

Note that the concept of NOA here is different from the one introduced in Muk-
erjee, Qian and Wu (2008), since the A; for i = 1,...,I — 1 here are not nec-
essarily OAs before the level-collapsing but can still achieve stratification on any
two dimensions. This makes the construction more flexible. For example, Fig-
ure 1 presents the bivariate projections of an OA(64, 5, 8,2) with levels 0, ..., 7,
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FI1G. 1. Bivariate projections of A1 and Ay with A1 C Ay, where the points labeled with both “¢”
and “-” correspond to Ay, and those labeled with “o” correspond to Aq.
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denoted by A», and a 16-run subset of A,, denoted by A, where the points la-
beled with both “¢” and “-” correspond to A», and those labeled with “¢” cor-
respond to A; (for saving space, only the bivariate projections of the first three
dimensions are presented here). Obviously, A; is not an OA, but it becomes an
0A(16,5,4,2) with levels 0,2, 4,6 after the level-collapsing according to the
projection {0, 1} — 0,{2,3} — 2,{4,5} — 4,{6,7} — 6, and the points of A
achieve stratification on the 4 x 4 grids in any two dimensions. According to
Theorem 1 of Mukerjee, Qian and Wu (2008), if an OA(N, 5, 8,2) contains an
0A(16,5,4,2), then N must satisfy N > 96, but here the larger OA only has
N = 64 runs if the projection is used to get the smaller OA with 16 runs. Thus, in
the present paper, suitable projections are critical for the definition and construc-
tion of NOAs, and the use of projections makes the construction more flexible.

Consider two matrices A = (a;;) = (a1, ..., as) of order r x s and B = (b;;) =
(b1, ..., by) of order u x v, respectively. Their Kronecker sum is an ru X sv matrix
(D) A® B =(a;jjJ + B) where J is the u x v matrix of ones.

For s = v, here we introduce an operation called column-wise Kronecker sum of A
and B, given as

2) A®cB=(a1®Db1,...,a; ®by),

where @ is defined in (1). These two operations will be used to construct NOAs,
SOAs and NDMs in the following sections.

Generator matrix and Rao—Hamming construction. Let s = p*, GF(p) C F| C
GF(s) with | F1| = m, where p is a prime number and | F1| denotes the cardinality
of set Fi, and let z; be a column vector of length k with the jth component being
one and all the others being zero, j =1, ..., k. We then obtain a k x (mk —1)/(m—
1) matrix Z; by collecting all the nonzero column vectors given by

3) z=c1z1+ -+ crzk where ¢j € Fy

and the first nonzero entry in (cq, ..., ck) is one. We call Z| a generator matrix
over F1 with k independent columns. Let Z be the generator matrix over GF(s)
with k independent columns and take all linear combinations of the row vectors
of Z with coefficients from GF(s), we then obtain an OA(s¥, (s* —1)/(s — 1), 5, 2).
This construction is called the Rao—Hamming construction [Hedayat, Sloane and
Stutken (1999), Chapter 3].

Lemma 1 follows from the Rao-Hamming construction.

LEMMA 1. Let s be a prime power and let A be an s* x k matrix whose
rows consist of all the vectors (x1,...,xr), xi € GF(s),i =1,...,k, then AZ is
an OA(s*, (sk — /(s —1),s,2), where Z is a generator matrix over GF(s) with
k independent columns.
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3. A new subgroup projection. We now introduce a new projection which
will play a key role in the proposed construction methods in the subsequent sec-
tions. Moreover, this new projection may have other applications in Algebra. We
first present a lemma about the decomposition of Galois fields.

3.1. Decomposition of Galois fields. For a finite set A of size |A|, put its ele-
ments in an column vector V4 with zero being placed as the first entry if included.
The following lemma paves the way for a new decomposition of Galois fields.

LEMMA 2. Suppose that G is a finite Abelian group with |G| = n. Then there
exists a decomposition of n = p{' x --- x p|' and cyclic groups G; with |G;| = p}
satisfying Vo = Vg, @ - - @ Vg,, where p; is a prime, G; C G and G; N G j = {0}
forizj,i,j=1,...,L

This lemma is a direct result of the fundamental theorem of finite Abelian group
which states that any finite Abelian group can be decomposed as a direct sum
of cyclic subgroups of prime power order [cf. Herstein (1996), Theorem 2.10.3].
Based on Lemma 2, we have the following result.

LEMMA 3. Suppose F3 is a Galois field GF(p"3) and Fy, F, are subgroups
of F3 under operation “+”. If F1 is a subgroup of F> under operation “+”, then
there exists a subgroup T of F> under operation “+” satisfying Vg, = Vi, @ Vr.

PROOF. Suppose |F>2| = p“2. By Lemma 2, there exists a decomposition of
p'2 = pt x --- x p" and cyclic groups G; satisfying Vp, = Vg, & --- @ Vg,,
where |G;| = p'i, G; C F and G; NG ={0} fori, j=1,...,1,i # j. Since the
characteristic of F3 is the prime number p,/ =up andt; =1 fori =1,...,[. That
i, Vi, =V, ®--- @ VGMZ, and |Gi| = p,i =1,...,u>2. As Fy is a subgroup of
F> under operation “+”, without loss of generality, write Vg, = Vg, @ --- ® VG“1 ,
where u| < uy. Let Vr = VGM1+1 Db VGuz’ where T is a subgroup of F; under
operation “+”, and Vg, = Vg, & V7. 0

We now introduce a new decomposition of Galois fields, serving as a basis
for a new group projection. Unless otherwise specified, assume hereinafter F; =
GF(sy), Fi_1 is a subgroup of F; under operation “+” fori =2, ..., I, and F; has

s; = p"i elements for i =1, ..., I. Then by Lemma 3, there exist 7}’s satisfying
that
“4) VE=VrneVp® -8 Vr, i=1,...,1,

where T = Fy and T is a subgroup of F; for j =2,...,1.
We introduce Algorithm 1 to perform the decomposition in (4).
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ALGORITHM 1. Step 1. From Fj, obtain
S) Vi, =VE,

where the first entry of V7, is zero.
Step2.Fori=2,...,1,from F;_; C F; and Lemma 3, obtain 7; as a subgroup
of F; under operation “+” such that the direct sum of F;_| and 7; is F;. That is,

(6) VE=VE_,®Vr fori=2,...,1.
Step 3. Combining (5) and (6) gives the decomposition in (4).

3.2. A new subgroup projection. Using the above decomposition, we are now
ready to propose a new group-to-group projection, which will play a key role in our
construction of NSFDs. As far as we are aware, this projection is new in algebra
and may have applications in other algebraic problems.

In (4), any y € Fy can be uniquely expressed as

(7) y=PB1+--+Br, BieT fori=1,...,1.

Using (4) and (7), define a projection p; : F;1 — F; as

(8) pi(y)=pi(B1+---+B)=p+ - +pi,

which maps an element in Fj to its counterpart in the subgroup F;, i =1,..., 1.

We call this projection the subgroup projection.

LEMMA 4. For the subgroup projection and y1, v2, y € Fr, we have:

D) pi(y1 +v2) = pi(y1) + pi(y2);

(i) pi (0 (¥)) = Pmin{i, j}(¥) € Fminfi, j13
(i) pi(y1) = pi(y2) implies p;(y1) = pj(y2) for j <i;
(v) pi(VF) =VE ® 15,5

where 1,, denotes the nth unity vector.
Lemma 5 gives some desirable properties of the subgroup projection.

LEMMA 5. () If D is a D(r,c, s;) based on F;, then p;j(D) = (pj(dyy)) is a
D(r,c,sj) basedon Fj for 1 < j <i <1.

(ii) If A is an OA(n,m,s;,t) based on F;, then p;(A) = (pj(ayy)) is an
OA(n,m,sj,t) basedon Fj for1 < j <i <1I.

The subgroup projection works under a subgroup structure and is more general
than the subfield projection introduced in Qian and Wu (2009) and the modulus
projection in Qian, Tang and Wu (2009). The modulus projection, denote by ¢,
satisfies Lemma 5, but does not satisfy Lemma 4. Thus, the method in Qian, Tang
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and Wu (2009) cannot be extended to construct NSFDs with more than two layers.
For illustration, take Fi = GF(2), F» = GF(2?) and F3 = GF(23) with irreducible
polynomials g1(x) =x + 1, g2(x) = x4+ x+1and g3(x) = Hx+1, respec-
tively. For any f(x) € F3, ¢ gives

@3 (f () = f (), P2(f () = far 0 (), o1 (f () = fai00(x),

where f;(x)(x) denotes the residue of f(x) modulo g(x). Here, (pz(xz) =@r(x +
1) =x 41, but ¢;(x?) =1 # 0 = ¢ (x + 1), which implies ¢ does not satisfy
Lemma 4. The truncation projection used in Qian, Ai and Wu (2009) for con-
structing NDMs satisfies Lemmas 4 and 5 and is a special form of the subgroup
projection.

The subgroup projection will be extended to a more general group structure in
Section 6.

4. Construction of NOAs and SOAs using the Rao-Hamming method for
the case of u; < u;+;. We now present new methods to construct NOAs with
two or more layers and a sliced structure. Suppose F; = GF(sy), F; = {f(x) €
Fr| the degree of f(x) is less than or equal to u; — 1}, s; = p*,fori=1,...,1,
andu;_1 <u;fori =2,...,1.Then F;_ is a subgroup of F; under operation “+”
fori=2,...,1,and (4), (7) and Lemma 4 hold.

ALGORITHM 2. Step 1. Let G =F; x -~ x Fi={(y1,...,y)ly; € Fi, j =
1,...,k},i=1,...,1. For any elements (y11, ..., y1x) and ()21, ..., y2k) € Gi,

define (Y11, ..., v1k) + (21, .-, v2r) = (V11 + ¥21, - - -, Y1k + V2k), where the op-
eration “+4” is the addition on F;.

Step 2. Let Wy = {(y1, ..., v)ly; € Ti, j =1, ..., k}, which can be expressed as
{0,.87,..., l(y/s;l)]‘—l}’ i=1,...,1,where 0 is the kth zero vector and sg = 1.
Step 3. Suppose G| = {02, Niseeos 17511(71}. Define an sf X k matrix H; to be
H1:(0k,n/1,...,n;k l)’.Fori:2,...,1,let
k_

(9) H;, = (Hi/—l’ [ﬂll D, Hi_l]/, R [ﬂési/s,;l)k—l @D, Hi—l]/)/, i=2,...,1,
where @, is defined in (2). Obtain

| / | N/ .
(10)  Hy=(Hj.[o) & Hi],.... [ i ©c Hi]), i=1,...,1—-1,
where &, = (o, ..., %) € Gy \ G for j=1,...,(s1/s)" = 1.
Step 4. Let

Ai:HiC fOI‘iZl,...,I,

yi=aiC  fori=1,... . 01—-1j=1,. (/s -1,

8 =pC  fori=2,....1,j=1,... (si/si-)"—1, and
Ti=Ap ([ =Dsk+1]:15)  fori=1,...,.1—1,1=1,...,(s1/s)F,
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where C is a generator matrix over GF(p) with k independent columns, and for
any matrix A, A(u:v) denotes its submatrix consisting of rows u to v.

THEOREM 1. For the A;’s and F; s constructed in Algorithm 2, and p;’s de-
fined in Section 3.2, we have:

(@) Ar = (AL () ®c Ao (P, iy Be ADY fori =1, 1 =1,
Ai = (Al 8 @ A1) B o i ®e Aim))), fori=2,..., 1.

(i) (A1,...,Ar;p1,...,p1) is an NOA with I layers, where p;(A;) is an
OA(sE, (p" = 1)/(p—1),5;.2), for 1 < j <i <I;
(iii) (ri,,,_,réw/y)k;pj) isan SOA,for1 <j<i<I—1.

PROOF. (i) It follows from the expressions of H;’s in (9) and (10), and the
definition of A;.

(i1) From Lemmas 1 and 5, p;(A;) is an OA(sf, (pk —D/(p—1),s;,2) for
j <i,and thus (Ay,..., Ar; p1,..., pr) is an NOA with [ layers;

(iii) Since p;j(y; ©c Ai) = pj(¥]) ©c pj(A;), then p;(y; & A;) is an
OA(sl[‘, ( pk — 1)/(p — 1),s;,2) that can be obtained by permuting the levels of
each factor in p;(A;). Note that F’i =A; and Ff = }’;—1 @, A; for [ > 1, and thus
(Fi,...,Fésl/si)k;pj)isanSOA,for1gjgifl— 1. O

REMARK 1. If k£ > 2 in Theorem 1, we can choose some columns from the
generator matrix C to form a new matrix C* such that the strength r of A; = H;C*
is greater than 2. For k =3 and p =2, if we take

1 0 0 1 1 001 011
C*=(0 1 0 1) fromC:(O 1 01 10 1),
0 0 1 1 001 01 11

then A; = H;C* has strength 3. Based on such C*’s and A;’s, the NSFDs and
SSFDs generated in Section 7 will achieve stratification up to # > 2 dimensions.

EXAMPLE 1. Lets; =2,50 =22, 53=23 F, ={0,1},F, ={0,1,x,x +
1}and F3 = GF(2%) = {0, 1,x,x + 1,x%, x>+ 1,x> + x, x> + x + 1}. Here, F;
is a subgroup of F;4 under the operation “+”,i = 1, 2. From (4),

{ Ve,=Vr, & Vp,
‘/F3 = VT] @ VT2 D VT3’

with Vg, = (0, 1), Vp, = (0, x)’ and Vyy = (0, x2)'. For k =2,
W1 =1{(0,0), (0, 1), (1,0), (1, D},
W2 = {(0,0), (0, x), (x,0), (x, x)},
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W3 =1{(0,0), (O,xz), (xz, 0), (xz, xz)},

0 0 H, H;

0 1 0 cH 0,x%) ®. H
Hi = ’ L — 0,x) ®c Hy and  Hsy— (zx)@ b

1 0 (x,0) ®c Hy (x,0) & H>

1 1 (x,x) &, H (x2,x2) ®. H

Let C be a generator matrix over GF(2) with two independent columns given by

1 0 1
C_(o 1 1)'

Table 1 gives A1, A2, A3 and Ff fori=1,2andl=1,...,43".
Suppose that p1, po and p3 are defined in (8) given by

x+1 x2 x241 x24+x x2+x+1

y 0 1 x

piy) 0 1 0 1 0 1 0 1

p2y) 01 x x+1 0 1 X x+1

p3y) 0 1 x x+1 22 X241 xP4x xP4x+1
Note that:

(i) pj(A;)is an OA(4',3,2/,2) for 1 < j <i <3, and thus (A;, Az, A3; p1,
02, P3) 1S an.NOA with three 1ayers; _ _
'(ii) 0j (F.;) is an OA(4', 3, 27, 2), and thus (F’., e FZH; pj)is an SOA, where
[ =A3(4(—-1)+1]:4']), forl = l,...,48 "and 1 < j<i<2.

5. Construction of NOAs, SOAs and NDMs for the case of u;|u;;1. Now
assume u; < u;+1 and u; is a factor of u; 41, that is, u;|u;4+1. Qian and Ai (2010)
presented some constructions of NOAs with two layers for this case. Here, we
provide new constructions for NOAs with two or more layers and a sliced structure,
which are more general than those in Qian and Ai (2010).

5.1. Construction of NOAs and SOAs using the Rao—Hamming and Bush’s
methods.

THEOREM 2. By replacing GF(p) for generating the generator matrix C in
Step 4 of Algorithm 2 with F| = GF (s1), we obtain:

@) Ar= (AL () ®c Ao (Vg iy Be AN fori=1,....1 =1,
A = (Al B ®c Aim) oo (B, D Aim)) fori =2, I

1

(i) (A1,...,Ar;p1,...,p1) is an NOA with I layers, where pj(A;) is an
OA(sK, (sX —1)/(s1 = 1),5;,2), for L < j<i <I;
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TABLE 1
The matrix A3 in Example 1, where A1 = A3z(1:4), Ay = A3(1:16), l"l1 =A3([4( —1) +1]:4D)
forl=l,...,l6,andF12=A3([l6(l— )+ 1]:160) forl=1,...,4

Row X1 b)) x3 Row X1 X3 x3

1 0 0 0 33 x2 0 x2

2 0 1 1 34 x2 1 x2+1
3 1 0 1 35 x2+1 0 x2+1
4 1 1 0 36 x2+1 1 x2

5 0 X X 37 x2 X x24x
6 0 x+1 x+1 38 x2 x+1 x24x+1
7 1 x x+1 39 x2+1 x x24x+1
8 1 x+1 x 40 x2+1 x+1 x24x
9 X 0 X 41 x24x 0 x24x
10 x 1 x+1 42 x24x 1 22 4x+1
11 x+1 0 x+1 43 24x+1 0 x24x+1
12 x+1 1 X 44 x24x+1 1 x24x
13 X X 0 45 x2+x x x2
14 x x+1 1 46 x24x x+1 x2+1
15 x+1 X 1 47 x24x+1 X x2+1
16 x+1 x+1 0 48 24x+1 x+1 x2
17 0 x2 x2 49 x2 x2 0
18 0 x2+1 x2+1 50 x2 x2+1 1

19 1 x2 x2+1 51 x2+1 x2 1
20 1 x2+1 x2 52 x2+1 x2+1 0
21 0 x24x x24x 53 x2 x24x X
22 0 x24+x+1 x+1 54 x2 2 4+x+1 x+1
23 1 x2+x x24+x+1 55 x2+1 x2+x x+1
24 1 x24x+1 x24x 56 x2+1 xZ4x+1 X
25 X x2 x24x 57 x24x x2 X
26 X x2+1 x24x+1 58 x24x x2+1 x+1
27 x+1 x2 x24x+1 59 x24x+1 x2 x+1
28 x+1 x2+1 x24x 60 x24x+1 x2+1 X
29 X x2+x x2 61 x24x x2+x 0
30 X x24x+1 x241 62 x24x x24x+1 1
31 x+1 x24x x2+1 63 x24x+1 x2+x 1
32 x+1 x24x+1 x2 64 x24x+1 x2x+1 0

(iti) (Tf,...,T%  p)isanSOA, for 1< j<i<I—1.
(s1/si)

REMARK 2. Similarly, as discussed in Remark 1, if kK > 2 in Theorem 2, then
we can choose some columns of the generator matrix C to form a new matrix C*
such that A; = H;C™ has a strength greater than 2.
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For sy >k — 1 and F; = {vy, ..., vy, }, if we replace the generator matrix C in
Theorem 2 by the following matrix:
1 1 . 1 0
vl v, - vy 0
v v Us2| 0
(11) V= ) ) i i e
k=2 k-2 k=2
V1 vy Uy
k=1 k-1 k—1
vl U2 . US[

then we can generate new NOAs and SOAs with strength k& based on Bush’s
method [Hedayat, Sloane and Stutken (1999), Chapter 3]. For most cases, k > 2,
and the related NSFDs and SSFDs will achieve stratification up to k > 2 dimen-
sions.

THEOREM 3. [Ifin Theorem 2, C is replaced by the V in (11), then:

(i) A;isan OA(sK, s1+ 1, s;, k), fori=1,..., 1,
(i) Ar = (AL (] ®c A)'vooo (P, ey B ADY, fori=1,....1 =1,
Ai= (A, 81 ®c Ai1)s o (B o ey B Ain1)) fori=2,.. I
(iii) (A1,..., A p1,...,p1) is an NOA with I layers, where p;j(A;) is an
OA(sK,s1 +1,s), k), for 1 < j<i<I;
(iv) (I'%, ...,Fé‘”mk; pj)isan SOA, for 1 < j <i <I—1.

5.2. Construction of NOAs and SOAs from NDMs. We now propose a new
approach for constructing NOAs and SOAs from NDMs. Theorem 4 follows from
Lemmas 4 and 5.

THEOREM 4. Let A be an OA(n, m, sy, 2), and
V=Vy &V & --&Vy, D=VVj,
Ar=D([(—Ds; +1]:ls;)  forl=1,....s1/si,i=1,...,1—1,
Al k)= (A, ..., (AY))  fork=1,....s;/si—li=1,....,1—1.
Thenforl1 <j<i<Il,k=1,...,s7/si—landl=1,...,5s;1/s;, we have:

(1) D isa D(sy,s1,581), A’i isa D(s;,s1,5;), and A® D is an OA(nsy, ms,
5152);

(i1) ,oj(Af) is a D(s;,s1,5j) based on Fj, pj(A(i,k)) is a D(ks;,s1,s;))
based on Fj, (A(i,k), D;pj,pr) is an NDM with two layers, and (Al,...,
A{_l, D; p1,...,pr) isan NDM with I layers;
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(iii) pj(A @ A)) is an OA(nsi,ms1,s;,2), (A AY,...,A® AL, ;p)) is
an SOA, (A ® A(i,k), A ® D;pj, pr) is an NOA with two layers, and (A &
Al ,A@ A" A®D;p1, ..., p1) is an NOA with I layers.

6. Construction of NOAs, SOAs and NDMs with more general numbers
of levels. The constructed NOAs, SOAs and NDMs so far have prime power
numbers of levels. We now present constructions with more general numbers of
levels by using the operation column-wise Kronecker sum defined in (2).

Let ¥; = {y1, ..., ¥y} be a group with positive integer s;, and

(12) Q= {wja)i_le € V;, w is an indeterminate, j = 1,..., s;},

fori =1,...,1. For any entries ¥, ¥, € V;, there exists ¥, € W; such that
VY, +v¥j, =V, and define

wjlwi—l _|_wj2wi—1 :whwi—l’
which implies 2; forms a group. Let, fori =1,...,1,
(13)  Fi={yi, + o+ -+, 0 Yy, € Ypi1,b=0,...,i — 1},

and for any elements o = ¥, + ¥y, 0+ - -—i—lml.fla)"_l and 8 = wl’g+wf;a)+- <o
tﬁl’;_lw"_l € F;, define

a+B = +yno+ -+ 0 )+ (W F e+ YT o)
= (Y, + W;;) + (Y1, + l,ﬁ[?)a) o (Y, + w;:_l)wi—l.

Then F; = G(Uﬁzl €2;) is a group. Note that F; is a subgroup of F;| and thus (4)
and (7) hold, where T; = 2;. Now express the projection in (8) as

pi(Y) =i, + o+ -+ Yy 0
y =i+ Yo+ +y,_ 0 eF.

Hence, Lemmas 4 and 5 also hold under this projection.

(14)

6.1. Construction of NOAs and SOAs with more general number of levels.
First, we propose a method for constructing SOAs and NOAs with two layers via
the column-wise Kronecker sum.

THEOREM 5. Let A; be an OA(n;, m, s;, t) based on Q; fori =1,2. Let B =
A, ®. Ay, and denote B= (B], ..., B,’w)/, where B; = B([(i — Dn1+1]:iny),i =
1,...,ny. Then:

(1) Bisan OA(niny, m,s1s2,t) based on Fr = o (21 U 27);
(i) B or (Bi,..., Bu,; p1) is an SOA, where p1(B;) is an OA(ny,m, s, t) for
i=1,...,n;
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(iii) (B!, B; p1, p2) is an NOA with two layers, where B = (B, ..., B)) and
pl(Bl) isan OA(Iny,m, sy,t) forl=1,...,ny — 1.

PROOF. Denote Ay = (af,...,a}) = (a'(i, j)) and Ay = (a,...,a2) =
(a*(@i, j)).

(i) For any ¢ columns (b;,,...,b;,) of B, b,-j = aizj ® al.lj. Then for any ¢-
tuple (aq,...,a,) in these columns, o; = y; + B; € F> with y; € Q7,8 € 4
for j =1,...,t. Since Ay is an OA(n1,m, s1,t) and A, is an OA(ny, m, s3,1),
then (B1,...,B:) occurs nl/si times in (aill,...,ailt), and (y1,...,¥:) occurs
ny/sh times in (al-zl, .. .,al%). Thus, (Y1 + B1, ...,y + B) = (aq, ..., ) occurs
niny/(s1s2)! times in (bi,, ..., b;,), which implies B is an OA(niny, m, sis2,1t)
based on F».

(ii) Note that B; = (a*(i, 1),...,a*(i,m)) ®. Ay and

p1(Bi) = (p1(aG, 1)), ..., pi(a® @i, m))) B Ay

Clearly, p1(B;) is an OA(n1,m, s1, t) that can be obtained by permuting levels of
each factorin Ay and (By, ..., By,; p1) is an SOA.
(iii) The result in (ii) implies that (B!, B; p1, p2) is an NOA with two layers.

O
EXAMPLE 2. LetZ;,={0,...,5s —1},51=6,50 =2, V| = Zg and ¥V = Z»,

then Q| = Zg, Q2 = {0, w}, F1 = Z¢ and F>» = {Zg, w + Z¢}. By (4) and (14),
VE, = Vq, ® Vg, and

yeF, 0 1 2 3 4
piy) 0 1 2 3 4
,y) 0 1 2 3 4

Let A; be an OA(36, 3, 6,2) based on €21 and A, be an OA(4, 3, 2, 2) based on
27, which are listed in Table 2.
Then B = A, ®. Ay = (B}, ..., By) satisfies:

(1) Bisan OA(144,3,12,2) based on Fy;

w+1 w+2 w+3 0w+4 0+5

®
0 1 2 3 4 5
5 o w4+l w+2 w+3 w+4 w+5

5
5

TABLE 2
The arrays Ay and Ay in Example 2

A

o
o~

wn O O
W - O
A~ oo
—_— W O
NN O
S v O
W O =
N = =
—_— N =
S W =
~ B~ =
WD W =
S O N
W == N
NS I (S )
R NI )
[SSIE N )
—_ N
N O W
—_ = W
[UST \O OS]
WD W W
S A~ W
A W
—_ O &
A== B
SN B~
w W
wn A~ B
[\ T T o
A~ O W
S = W
W
[\SRRUSERV, |
— B W
W W
S O O
g g o
g o8
[SIISERS
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(i) p1(B;)isan OA(36,3,6,2) fori =1,...,4,thatis, (By,..., B4; p1) is an
SOA;

(iii) ,ol(Bl) is an OA(361,3, 6, 2), that is, (B!, B; 01, p2) is an NOA with two
layers, where B! = (B/, ..., B)) forl=1,2,3.

Since an OA (sz, s+ 1,s,2) exists for any prime power s, Theorem 5 gives the
following corollary.

COROLLARY 1. For a prime power s1 and sy = slz, there exists an SOA
(Bi, ..., Bs,; p), where B = (Bj, ..., B;Z)/ is an OA(S%, s1+1,52,2) and p(B))
isan OA(sy,s1+ 1,51,2) for j=1,..., 5.

REMARK 3. For a prime power s and sy = slz, Xu, Haaland and Qian
(2011) constructed a special SOA (By, ..., By,; p) based on doubly orthogonal
Sudoku Latin squares, where B = (B7, ..., Béz)’ is an OA(S%, s1,52,2), p(Bj) is
an OA(s2, 51, 51, 2) and each B; has maximum stratification in one-dimension in
the sense there are s, different levels in each column of Bj, for j =1,...,s.
In contrast, B; in Corollary 1 does not achieve maximum stratification in one-
dimension, since there are only s different levels in each column. But the SOAs
obtained here have one more column compared with that of Xu, Haaland and Qian
(2011). In addition, more SOAs can be constructed through Theorem 5 for general
51 and S52.

Next, we generalize Theorem 5 to construct SOAs and NOAs with more than
two layers.

COROLLARY 2. Let A; be an OA(n;, m, s;,t) based on Q; and B; = A; &,
- ®c Ay fori=1,...,1. Suppose I'; = Bi([(l — Dny---n; + 1]:lny ---n;) for
I=1,...,nj41---nrandi=1,...,1 — 1. Then:

(i) (Bi,...,Br;p1,...,p1) is an NOA with I layers, where p;(B;) is an
OA(ny---nj,m, [Ij_ysi, 1) for 1 < j <i <I;
(i) (T}, ....Th.  .nys pj) is an SOA for 1 < j <i <1 —1,where p;(T'}) is an

OA(nl---ni,m,]_[ljzlsl,t)forlz 1,...,n541---n7.

6.2. Construction of NDMs with more general numbers of levels. We present
a method for constructing NDMs via the column-wise Kronecker sum. Similar to
Corollary 2, we have the following result.

THEOREM 6. Let D; be a D(r;, c, s;) based on Q; and E; = D; ®. --- ®. Dy
fori=1,...,1.Suppose
A; = E]([(l —Dry---ri + 1] Il '--r,‘),

forl=1,...,riy1---rjandi=1,...,1 — 1. Then:
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(i) (E1,...,Ep;p1,...,p1) is an NDM with I layers, where p;(E;) is a
D(ry-rive. Tl s for 1< j <i < I

(1) pj(Af) is a D(rl---r,-,c,]_[{zlsl) for 1 < j<i<I—1andl =
1,...,n,-+1---n1.

EXAMPLE 3. Let Z;, ={0,...,s — 1}, 51 =4, 52 =3, 53 =2, ¥| = GF(4),
W, = Z3 and W3 = Z, Then from (12), (13) and (14), 21 = GF4), 2, =
{0, w, 2w}, 23 =1{0,w?), Fi = GF(4), F» = (ko + F1,k € Z3}, F3 = {ko? +
Fo,k € Z}, and for any y = Yo + Y10 + Yow® € F3, pj(y) = Yo + -+ +
1//j_1a)j_1 for j =1,2,3, where ¥, € Wpy1,b=0,1,2. Let

0 0 0
0 ) 0 O 0
X
Dy = , D=0 o 2w],
0 X x+1 0 2
w w
0 x+1 1
0 0 0
0 0 o?
Ds =
7o »* o
0 w? o?
Then
Ey =Dy, Er) =D, &, Dy, E3=D3®: D> ® Dy,

A} = E3([40—1)+1]:41), [=1,...,12, and
A} =Es([120 = 1)+ 1]:120),  I=1,...,4,

which are listed in Table 3.
It can be verified that:

(i) (Ey, E2, E3; p1, p2, p3) is an NDM with three layers, where p;(E;)’s
are difference matrices: pi(E1) = E1, p1(E2) = (E|, E}, E}), p2(E2) = Ea,
p1(E3) = (EY, ..., E)), p2(E3) = (Ej, E}, E}, E}) and p3(E3) = E3;

12

(i) p1(A}) = E; forl=1,...,12, pj(A?) = (E}, E|, E}) for I =1,...,4,

,02(A,2) =FE, forl=1,...,4, which are all difference matrices.

REMARK 4. Theorem 4 provides a method for constructing NOAs and SOAs
from NDMs. The method can also be applied to generate NOAs and SOAs using
the NDMs obtained in Theorem 6 in a similar fashion and the details are omitted.

7. Generation of space-filling designs from NOAs and SOAs. We now dis-
cuss procedures for using the constructed NOAs and SOAs to generate NSFDs
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TABLE 3
The array E3 in Example 3, where E| = E3(1:4), Ey = E3(1:12), All =E3([4( —1) +1]:41) for
I=1,..., 12,andA[2=E3([12(l— D+ 1]:120) forl=1,...,4

Row x1 X3 x3 Row x1 x) x3

1 0 0 0 25 0 w? 0

2 0 1 x 26 0 w?+1 x

3 0 x x+1 27 0 w+x x+1

4 0 x+1 1 28 0 w3 +x+1 1

5 0 w 20 29 0 oo 20

6 0 w+1 2w+x 30 0 % +o+1 2w+x

7 0 w+x 2w+x+1 31 0 > +w+x 2w+x+1
8 0 w+x+1 20+1 32 0 W +ot+x+1 20+1
9 0 20 w 33 0 0?20 )

10 0 20+1 w+x 34 0 W 20+1 w+x
11 0 2w+x w+x+1 35 0 O +2w+x wtx+1
12 0 2ow+x+1 w+l 36 0 W +2w+x+1 w+l
13 0 0 w? 37 0 w? ?
14 0 1 w?+x 38 0 w?+1 > +x
15 0 X @ +x+1 39 0 @ +x w%+x+1
16 0 x+1 w?+1 40 0 03 +x+1 w?+1
17 0 ® ©*+20 41 0 04w 0*+20
18 0 w+1 W +2w+x 42 0 % +w+1 @2 +2w+x
19 0 w+x ©*+2w+x+1 43 0 W +w+x 02 +2w+x+1
20 0 wx+1 ©*+2w+1 44 0 WX +o+x+1 ©*+2w+1
21 0 2w w*+w 45 0 w20 0*+w
22 0 20+1 W +w+x 46 0 w?+2w+1 0 +w+x
23 0 2w+x WX +ot+x+1 47 0 W +2w+x ©*+wt+x+1
24 0 2o+x+1 w*+w+1 48 0 0 +2w+x+1 ©*+w+1

and SSFDs, respectively. Without loss of generality, we consider generating space-
filling designs from the NOAs and SOAs in Theorem 1. Similar procedures can be
carried out for other NOAs and SOAs.

7.1. Generation of NSFDs. Qian, Tang and Wu (2009) proposed a method for
generating NSFDs from NOAs with two layers and we extend their idea to generate
NSFDs with more than two layers. We first introduce the definition of nested per-
mutation with I layers [Qian (2009)]. Let Z;, = {0, 1,...,s; — 1}, we call mpp =

(7Tnp(1), ..., np(sy)) a nested permutation with I layers on Zj,, if the s; elements
of ([mwnp(D)s;i/sr], ..., [7np(si)si/sy]) is a permutation on Zy, = {0, 1,...,s; — 1}
for i =1,...,1, where |z] denotes the largest integer no larger than z [Qian

(2009)]. Note that a necessary and sufficient condition for a 7y, to be a nest per-
mutation is that precisely one of its first s; entries falls within each of the s; sets de-
ﬁnedby {0, ey S]/S,' — 1}, {S]/S,', ...,2S]/S,' — 1}, ey {(Si — 1)S]/Si, ceey ST — 1}
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fori =1,..., 1. Qian (2009) presented an algorithm for generating nested permu-
tations with / layers on {1, 2, ..., s;}, which can be modified to generate nested
permutations with / layers on Zg,, using the same uniform permutations as in Qian
(2009). Now we propose an algorithm using this type of permutation to relabel the
levels of A; and then obtain an NSFD.

ALGORITHM 3. Step 1. Take an NOA (Ay, ..., Ay; p1, ..., pr) from Theo-
rem 1 and let ”rl,p be a nested permutation with [ layers on Z,, [ =1, ..., ( pk —
D/(p—1).

Step 2. Relabel the levels of the /th column of A; according to V(r)— nflp(r)
forr=1,....,s;,and [ =1,....(pF = 1)/(p — 1), where V = (V(r)) = V7, ®
Vr,_, ®---® Vr, [note that V is different from the Vp, defined in (4)]. Let M; be
the resulting matrix.

Step 3. Obtain an OA-based Latin hypercube L; from M;.

Step 4. Take L; to be the submatrix of L; consisting of the first s!‘ rows given
by Li=L;(1:s5),fori=1,....,1—1.

THEOREM 7. The (L1, ..., Ly) is an NSFD with I layers, where L; not only
achieves stratification in any one dimension, but also achieves stratification on the
s; X §; grids in any two dimensions fori =1, ..., 1.

PROOF. Note that p;(A;) is an OA(s¥, (p* — 1)/(p — 1),5;,2) and the en-
tries of F; are relabeled with the first s; entries of 7Trllp, where precisely one of
these first s; entries falls within each of the s; sets defined by {0,...,s;/s; —
13, {sy/si, ..., 2s1/si — 1}, ..., {(si — D)sy/si,...,sy — 1}, 1 < j<i <1 and
I=1,...,(p¥—1)/(p — 1). The conclusions now follow. [

EXAMPLE 4 (Example 1 continued). Generate three nested permutations
with three layers 7y, = (4,1,2,7,6,5,3,0), 73, = (5,2,0,7,3,4,1,6), and
ngp =(2,6,1,4,3,5,7,0) on Zg = {0,...,7}. Note that precisely one of the
first 2' entries of 7, falls within each of the 2° sets defined by {0,..., 23" —
13, {2370, . 2x 237 — 1), .. {@ = D237, ..., 23 —1},i,1=1,2, 3. Relabel
the levels of the /th column of A3 according to V(r) — rrflp(r), r=1,...,8,l=
1,2, 3, where V= 0,1, x,x+1L,x2, x>+ 1,x2+x,x24+x+1). The resulting
matrix M3 is given in Table 4. Use M3 to obtain an OA-based Latin hypercube
L5 listed in Table 5, and take L and L, to be the first four and sixteen rows of
L3, respectively. The bivariate projections among xg, x3, x3 of L3 are plotted in
Figure 2, where the symbols “x”, “4+” and “{” denote the points in L1, Ly \ L
and L3\ L», respectively. The figure indicates that L; achieves stratification on the
2% x 2/ grids in any two dimensions fori =1, 2, 3.
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TABLE 4
M3 in Example 4

Row X1 X x3 Row X1 x) x3
1 4 5 2 33 6 5 3
2 4 2 6 34 6 2 5
3 1 5 6 35 5 5 5
4 1 2 2 36 5 2 3
5 4 0 1 37 6 0 7
6 4 7 4 38 6 7 0
7 1 0 4 39 5 0 0
8 1 7 1 40 5 7 7
9 2 5 1 41 3 5 7

10 2 2 4 42 3 2 0

11 7 5 4 43 0 5 0

12 7 2 1 44 0 2 7

13 2 0 2 45 3 0 3

14 2 7 6 46 3 7 5

15 7 0 6 47 0 0 5

16 7 7 2 48 0 7 3

17 4 3 3 49 6 3 2

18 4 4 5 50 6 4 6

19 1 3 5 51 5 3 6

20 1 4 3 52 5 4 2

21 4 1 7 53 6 1 1

22 4 6 0 54 6 6 4

23 1 1 0 55 5 1 4

24 1 6 7 56 5 6 1

25 2 3 7 57 3 3 1

26 2 4 0 58 3 4 4

27 7 3 0 59 0 3 4

28 7 4 7 60 0 4 1

29 2 1 3 61 3 1 2

30 2 6 5 62 3 6 6

31 7 1 5 63 0 1 6

32 7 6 3 64 0 6 2

7.2. Generation of SSFDs. Qian and Wu (2009) proposed a method to obtain
SSFDs from SOAs. Here we present a more flexible procedure that can use the
SOAs constructed in Sections 4—6 to generate a new class of SSFDs. Without loss
of generality, consider the SOAs constructed in Theorem 1.

ALGORITHM 4. Step 1. Choose the values of i, j, I, where 1 < j <i <.

Suppose Ay and (F’i, e, Fés, Iy P ;) are constructed in Theorem 1. Relabel the
sy levels of Ay as 0O, ...,s; — 1 according to the following two stages:
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TABLE 5
L3 in Example 4, where Ly = L3(1:4), Lo = L3(1:16)

Row X1 x) x3 Row xq x) x3
1 39 44 17 33 51 47 28
2 38 19 49 34 52 17 41
3 12 40 50 35 44 46 42
4 13 18 21 36 46 21 24
5 34 7 8 37 54 2 62
6 33 58 33 38 49 62 7
7 10 5 39 39 43 0 0
8 11 61 14 40 40 59 58
9 22 41 9 41 24 42 60

10 19 20 34 42 25 22 2

11 60 45 36 43 2 43 1

12 59 16 15 44 6 23 61

13 23 4 23 45 30 1 30

14 17 60 51 46 29 56 43

15 61 3 52 47 5 6 40

16 58 57 20 48 4 63 26

17 35 28 27 49 53 31 16

18 36 32 45 50 50 38 53

19 8 25 46 51 47 27 48

20 14 35 29 52 41 36 22

21 32 9 63 53 55 13 10

22 37 52 3 54 48 48 35

23 9 15 6 55 45 11 37

24 15 51 59 56 42 50 13

25 16 30 56 57 27 24 12

26 20 37 4 58 26 39 38

27 62 26 5 59 3 29 32

28 57 33 57 60 7 34 11

29 18 8 31 61 28 10 19

30 21 49 47 62 31 55 55

31 56 14 44 63 1 12 54

32 63 53 25 64 0 54 18

(1) Use the projection p; defined in (8) to divide the s; levels into s; groups
o) ={ylpj(y)=a,y € F;}  foracFj,

each of size g = s7/s;.

(i1) Arbitrarily label the s; groups as groups 1,...,s;, and label the g levels
within the gth groupas (g —1)q,(g—Dg+1,...,gg—1,forg=1,...,s;. This
relabeling scheme can be denoted by

(15) [®lla e Fj} — A ={Allg=1,....5;},
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Projection on x1 and x2

* L1
L2\L1
0 L3\L2
63.5 0
L
0 R
55.5p 0
[
475 0 ¢ 5
T
0 0 *
T
39.5| * o
[ 0 0
I 0
31.5
o 0
235 ) 2 0 o
: ¢
N 0
¥ * 0
15.5 o *
¢ 0 ¢
¢
7.5} % " :
‘ L0 ‘ Y

-0.5
-05 75 155 235 315 39.5 475 555 63.5

Projection on x1 and x3 Projection on x2 and x3
* L1 * L1
+ L2\L1 + L2\L1
0 L3\L2 Q L3\L2
63.5 0 63.5 0
¢ 0 4 0
55.5 ! ¢ 55.5} of? 0,0
e . o, S e 0 K
* % % *
47.5 9 47.5 9
0
Q 0 0 0 0 %
[ 4
39.5F 04 IS 3950 40 o
o + 0 n
+ +
315 T 315 -
0 0 ¢
0 ¢ ¢ o
235} : + o9 1 2350+ 0 o
¥ T * +
0 * 0 x| 0
155 : ; 5 + 155 - J T
0 + 0 ¢ oy
7.5F + o 1 75} * o1
0 9 0
[ o 0 o [ 0
o050 | | | _05 | | ) |
-05 75 155 235 315 395 475 555 635 -05 75 155 235 315 395 475 555 635

FIG. 2. Bivariate projections among x1, x, x3 of L3 in Example 4.

where Ay ={(g — Dq. (¢ — Dg +1.....8q — llg =s1/s;}.

Step 2. Let M be the design obtained by relabeling the levels of Ay, and use M
to obtain an OA-based Latin hypercube S. . ‘
Step 3. Partition S into (s;/s;)* subarrays corresponding to '/, ..., Fis, Ik

thatis, S = (S],.... S, o) With § = S - DskH11:05,1=1,..., (s1/s0)*.

THEOREM 8. For S = (S/""’Sés,/y)k)/ constructed in Algorithm 4, S

achieves stratification on the s; X sy grids in any two dimensions, and S; achieves
stratification on the sj X s grids in any two dimensions for | =1, ..., (s7/s0)k.
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Thus, S = (S}, ..., SES[/SA),()/ is an SSFD with (sy/s;)* slices.

PROOF. By noting that A; and ,oj(Ff) forl=1,..., (s1/s,-)k are all orthog-
onal arrays of strength two, and following the relabeling scheme given above, the
conclusions hold. [

EXAMPLE 5 (Example 1 continued). (i) Fori = j =1, we have ¢ = 4, &} =
{vlp1(y) =0,y € F3} = {0,x2,x,x2 —i—x},CIJ} = {l,x2 +Lx+1,x2+x+
1}, Al =1{0,1,2,3} and A} = {4,5,6,7}. Arbitrarily relabel the levels of A3 in
Table 1 according to the scheme given in Step 1 as follows:

Ho,x% x, x® +x}, {Lx? + Lx+ x> +x + 1}} — {{0,1,2,3}, {4,5,6,7}},

and then obtain an OA-based Latin hypercube S. Let §; = S([4({ —1)+1]:4]),l =
1,...,16. Note that S achieves stratification on the 8 x 8 grids in any two dimen-
sions, S; achieves stratification on the 2 x 2 grids in any two dimensions, and
S=(8],...,8]¢) is an SSFD with 16 slices.

(ii) For i = j =2, we have ¢ = 2, ®3 = {0, x?}, ®2 = {x,x? + x}, ®? =
{(Lx?+1}, @2, ={xr+Lx>+x+1}, AT =1{0,1}, A} =1{2,3}, A3={4,5} and
Ai = {6, 7}. Relabel the levels of A3 according to

{{O,xz}, {x,x2 +x}, {l,x2 + 1} {x + Lx2+x+ 1}}
I {{Oa 1}9 {2’ 3}’ {4’ 5}5 {69 7}}a
to obtain an OA-based Latin hypercube S = (S}, ..., Sy)’, where §; = S([16(/ —
1) +1]:160),l =1,...,4. Similarly, S achieves stratification on the 8 x 8 grids

in any two dimensions, S; achieves stratification on the 4 x 4 grids in any two
dimensions, and S = (S}, ..., S})’ is an SSFD with 4 slices.

REMARK 5. If we relabel the levels of A3 according to
{0, %%}, {x,x* +x}} — {{0,1},{2,3}} and

L+ 1), (x + 1,67 +x + 1)} — {{4,5),{6,7}},
in Example 5, then by Theorem 8, we have:

(a) S can be partitioned into 16 slices, S([4(l — 1) + 1]:4]) for I =1, ..., 16,
each of which achieves stratification on the 2 x 2 grids in any two dimensions;

(b) S can be partitioned into 4 slices, S([16(I — 1) + 1]:16/) for [ =1, ..., 4,
each of which achieves stratification on the 4 x 4 grids in any two dimensions;

(c) S achieves stratification on the 8 x 8 grids in any two dimensions;

(d) S is an SSFD that can be sliced into 4 or 16 slices.

(16)

Therefore, under the same relabel scheme (16), S can be used to conduct com-
puter experiments with qualitative factors of 4 and 16 distinct level combinations,
respectively. A further discussion on § will be found in Example 6.
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Inspired by Remark 5, we now propose a new construction of SSFDs from SOAs
which can generate SSFDs with different numbers of slices simultaneously. A new
permutation is needed. We call 7wy = (msp(1), ..., wsp(sy)) a sliced permutation
with I layers on Zj,, if

{7sp((g = Dg + 1), w5p((g = Dg +2), ... w5p(8)} € A
forj=1,...,1—1,¢g=1,...,s; and g =s7/s, where A/ is defined in (15).

ALGORITHM 5. Step 1. Suppose Aj is constructed in Theorem 1 and nslp is a

sliced permutation with / layerson Z;,, [ =1, ..., (pF—1/(p—1.

Step 2. Relabel the levels of the /th column of A; according to Vg, (r) —
wly(r) forr=1,...,s;,and [ =1,...,(p* = 1)/(p — 1), where Vi, = V7, &
Vr, ® --- ® V7, defined in (4). Let M be the resulting matrix.

Step 3. Obtain an OA-based Latin hypercube S from M.

Step 4. Fori =1,...,1 — 1, partition S into (s7/s;)* subarrays with an equal
number of rows, that is, S = ((S!)/, ...,(S"S[ /Si)k)/)/ with S = S([( — 1)sk +

1:1s5) forl =1,..., (s /s

THEOREM 9. For S = ((Si)/, e, (Sis[/y)k)/)/ constructed in Algorithm 5,

Sli achieves stratification on the sj x s; grids in any two dimensions, for | =
L...,(s/s)fand 1 < j <i <1.Thus, S=((S}),..., (S y))" is an SSFD
with (s1/s,~)k slices, fori=1,...,1 — 1.

sp/si

PROOF. For any o € Fy, let oy denote the corresponding element in 7z under

sp -
the relabeling Vi, — nép, I=1,..., (pk —1)/(p —1).Since A; and p;(I";) for
I=1,..., (s1/s,-)k and 1 < j <i <[ —1 are all orthogonal arrays of strength two,

it suffices to prove that for any «, B € F; with a # 8, ; and ; fall in different sets
defined by {0,1,...,9 —1},{q.q +1,...,2g — 1},...,{(s; — Dg, (s; — Dg +
I,...,s;q — 1}, where ¢ = s;/s;. Note that Vg, =V, @ V7, ®--- @ Vr, = ij &)
(VTj+1 @ --- ® Vr;) and the first element of V7, is 0, i =1,...,1, then o, B €
{(Ve,(@lg=1,9g+1,2g+1,...,(sj — 1)g + 1}. Suppose & = Vg, (c1g + 1), B =
Vi (cag +1).c1.c2=0,1,....5; — 1, and ¢] # c3. Then oy = 7!, (c19 + 1) and
B = nip(c‘zq + 1) and, therefore, o; € A(Jl,l, B € A[]j forsomed;,dr=1,2,...,s;
and d| # dy (this is because |(c1g + 1) — (c2g + 1)| = |(c1 — ¢2)gq| = g), and
oy and By fall in different sets defined by {0,1,...,9 — 1},{g,qg + 1,...,2¢q —
1}, ..., {Gj—Dg,(sj—Dg+1,...,s;qg —1}. 0

EXAMPLE 6 (Example 1 continued). Generate three sliced permutations
with three layers 77y, = (0, 1,2,3,7,6,5,4), 15, = (7,6,5,4,1,0,2, 3) and 7, =
0,1,3,2,4,5,7,6) on Zg. Note that

{JTslp(’”237j + 1), e ”slp((” + 1)237j)} en
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Projection on x1 and x2

S(1:16) () S(17:32) A S(33:48) + S(49:64)
63.5

A
55.5}

47.5 +
39.5¢

i . i
315 T + ‘

235 , 0 0|

15.5

b A
7.5 0

+
+ + 0 0
_05 \+ L L L
-05 75 155 285 315 395 475 555 635

Projection on x1 and x3 Projection on x2 and x3
S(1:16) () S(17:32) A S(33:48) | S(49:64) S(1:16) () S(17:32) A S(33:48) | S(49:64)
63.5 63.5
+ s ' ) tl .
55.5F <> q 555 q
0 A AlD \ A A 0 A A

475 475

) A 0 b 0 0 0 A
39.5| A . + I 39.5 it ) + 4
315 t 3151

+ +
2351 . f ! Q + 1 235} Q . + : ¥
b bl
0 Al A 0 A
15.5 15.5
A b A A b A
0 0 0
750 0 0 1 75} "
t T t i
_05 L + L + L L _05 L L +\ + L
-05 75 155 235 315 395 475 555 635 -05 75 155 285 315 395 475 555 63.5

F1G. 3. Bivariate projections among x1, xo and x3 of S in Example 6.

forr =0,1,...,2/ — 1 and j = 1,2, where A! = {{0,1,2,3},{4,5,6,7}} and
A?% = {{0, 1}, {2, 3}, {4, 5}, {6, 7}}. Relabel the levels of the /th column of A3 ac-
cording to Vg, (r) —> rrslp(r), r=1,...,8,1=1,2,3, where Vf, = {O,xz, X, X+
x2,1,x2 4+ 1,x + 1,x + x2 + 1}. Denote the resulting matrix by M in Table 6,
and use M to obtain an OA-based Latin hypercube S given in columns xp, x;
and x3 in Table 8. Note that S([4/(I — 1) 4 1]:4%]) achieves stratification on the
2 x 21 grids in any two dimensions for / = 1,2, ..., 43 and i = 1,2; see Fig-
ure 3 for an illustration, where for brevity, we only plot the bivariate projections of
S(16( —1)+1]:16l) forli=1,...,4.

The design in Table 8 consists of two parts: the SSFD S (columns x1, x2, x3)
obtained in Example 6 for arranging quantitative factors, and an OA(16, 234%) with
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TABLE 6
The array M in Example 6

Row x1 X3 x3 Row X1 x) x3
1 0 7 0 33 1 7 1
2 0 1 4 34 1 1 5
3 7 7 4 35 6 7 5
4 7 1 0 36 6 1 1
5 0 5 3 37 1 5 2
6 0 2 7 38 1 2 6
7 7 5 7 39 6 5 6
8 7 2 3 40 6 2 2
9 2 7 3 41 3 7 2

10 2 1 7 42 3 1 6

11 5 7 7 43 4 7 6

12 5 1 3 44 4 1 2

13 2 5 0 45 3 5 1

14 2 2 4 46 3 2 5

15 5 5 4 47 4 5 5

16 5 2 0 48 4 2 1

17 0 6 1 49 1 6 0

18 0 0 5 50 1 0 4

19 7 6 5 51 6 6 4

20 7 0 1 52 6 0 0

21 0 4 2 53 1 4 3

22 0 3 6 54 1 3 7

23 7 4 6 55 6 4 7

24 7 3 2 56 6 3 3

25 2 6 2 57 3 6 3

26 2 0 6 58 3 0 7

27 5 6 6 59 4 6 7

28 5 0 2 60 4 0 3

29 2 4 1 61 3 4 0

30 2 3 5 62 3 3 4

31 5 4 5 63 4 4 4

32 5 3 1 64 4 3 0

replicate runs (the last six columns) for arranging qualitative factors, where the
original OA(16,2343) is listed in Table 7. Note that S possesses properties: (i) if
S is partitioned into 4 slices with 16 runs in each slice, then each slice achieves
stratification on the 4 x 4 grids in any two dimensions; (ii) if S is partitioned into 16
slices with 4 runs in each slice, then each slice achieves stratification on the 2 x 2
grids in any two dimensions. Therefore, for the design in Table 8, (i) for any level
combination of the three two-level qualitative factors, the design points for the
quantitative factors achieve stratification on the 4 x 4 grids in any two dimensions;
(i) for any level combination of the three four-level qualitative factors, the design
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TABLE 7
0A(16,2343 2)
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points for the quantitative factors achieve stratification on the 2 x 2 grids in any two
dimensions; (iii) it possesses good space-filling properties when collapsed over
the qualitative factors. Hence, the design in Table 8 is suitable for conducting a
computer experiment with three quantitative factors and six qualitative factors,
where three of them have 2 levels and another three have 4 levels.

We have provided some new constructions of NSFDs and SSFDs based on
NOAs and SOAs of strength two, respectively. Better NSFDs and SSFDs can be
obtained by using NOAs and SOAs with strength greater than two. See Remarks 1
and 2, Theorems 3 and 5 and Corollary 2.

8. Comparisons and concluding remarks. The families of NSFDs con-
structed by the existing methods are limited to two layers, with the exception of
Haaland and Qian (2010). The method of Haaland and Qian (2010) is based on
the infinite (7, s)-sequences which are more difficult to obtain than the orthogonal
arrays used in our methods. Here are some comparisons between our methods and
the existing constructions.

Qian, Tang and Wu (2009) (QTW) and Qian, Ai and Wu (2009) (QAW) pre-
sented several methods for constructing NSFDs with two layers from NOAs and
NDMs. NSFDs with more than two layers cannot be constructed by using their
methods. The technical reason is that the modulus projection used in Qian, Tang
and Wu (2009) cannot be extended to covering more than two layers, as argued
in Section 3.2. The subgroup projection presented in this paper is different and
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TABLE 8
Design with qualitative and quantitative factors, where columns x1, xp, X3 are quantitative ones,
X4, X5, Xg are 2-level qualitative ones, and x7, xg, xg are 4-level qualitative ones

Row X1 b x3 X4 X5 X6 X7 xg X9
1 1 63 3 0 0 0 0 0 0
2 3 13 37 0 0 0 0 0 0
3 60 61 32 0 0 0 0 0 0
4 62 12 0 0 0 0 0 0 0
5 4 47 31 0 0 0 0 3 3
6 0 23 57 0 0 0 0 3 3
7 56 42 62 0 0 0 0 3 3
8 61 17 29 0 0 0 0 3 3
9 18 59 24 0 0 0 3 1 2

10 19 10 63 0 0 0 3 1 2

11 40 57 60 0 0 0 3 1 2

12 42 11 30 0 0 0 3 1 2

13 17 43 7 0 0 0 3 2 1

14 22 20 34 0 0 0 3 2 1

15 46 40 36 0 0 0 3 2 1

16 44 22 6 0 0 0 3 2 1

17 5 51 9 0 1 1 2 0 2

18 2 0 41 0 1 1 2 0 2

19 58 52 42 0 1 1 2 0 2

20 57 4 15 0 1 1 2 0 2

21 6 37 18 0 1 1 2 3 1

22 7 29 54 0 1 1 2 3 1

23 63 34 49 0 1 1 2 3 1

24 59 25 17 0 1 1 2 3 1

25 21 53 21 0 1 1 1 2 3

26 20 6 48 0 1 1 1 2 3

27 41 48 55 0 1 1 1 2 3

28 45 5 23 0 1 1 1 2 3

29 23 36 8 0 1 1 1 1 0

30 16 26 45 0 1 1 1 1 0

31 47 39 43 0 1 1 1 1 0

32 43 24 10 0 1 1 1 1 0

33 9 58 11 1 0 1 2 2 0

34 10 8 40 1 0 1 2 2 0

35 53 56 44 1 0 1 2 2 0

36 54 15 14 1 0 1 2 2 0

37 15 41 22 1 0 1 2 1 3

38 13 21 50 1 0 1 2 1 3

39 48 46 51 1 0 1 2 1 3

40 52 16 16 1 0 1 2 1 3

41 27 62 20 1 0 1 1 0 1

42 30 14 52 1 0 1 1 0 1

43 33 60 53 1 0 1 1 0 1

44 32 9 19 1 0 1 1 0 1
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TABLE 8
(Continued)
Row X1 b)) X3 X4 X5 X6 X7 X8 X9
45 25 44 13 1 0 1 1 3 2
46 31 19 46 1 0 1 1 3 2
47 37 45 47 1 0 1 1 3 2
48 39 18 12 1 0 1 1 3 2
49 11 49 1 1 1 0 0 2 2
50 8 1 33 1 1 0 0 2 2
51 49 54 38 1 1 0 0 2 2
52 50 7 5 1 1 0 0 2 2
53 14 33 27 1 1 0 0 1 1
54 12 27 61 1 1 0 0 1 1
55 51 32 59 1 1 0 0 1 1
56 55 28 25 1 1 0 0 1 1
57 24 55 26 1 1 0 3 0 3
58 29 2 56 1 1 0 3 0 3
59 34 50 58 1 1 0 3 0 3
60 38 3 28 1 1 0 3 0 3
61 28 38 2 1 1 0 3 3 0
62 26 30 35 1 1 0 3 3 0
63 35 35 39 1 1 0 3 3 0
64 36 31 4 1 1 0 3 3 0

more general, and it has been used to generate more NSFDs which can accom-
modate nesting with an arbitrary number of layers and are more flexible in run
size. Qian and Ai (2010) (QA) proposed some construction methods for NOAs
and NDMs with two layers based on Galois fields and incomplete pairwise or-
thogonal Latin squares. Qian (2009) presented a method for constructing nested
Latin hypercube designs, but the resulting designs can achieve stratification only
in one dimension. Thus, we only present the comparisons among QTW, QAW,
QA and our proposed methods (SLQ). The comparison among QAW, QA and
SLQ for the construction of NDMs with two layers, and the comparison among
QTW, QAW, QA and SLQ for the construction of NOAs with two layers, are
listed in Tables 9 and 10, respectively. Since the construction of incomplete pair-
wise orthogonal Latin squares is still an open problem, thus we only tabulate
the results obtained based on Galois fields in QA. In addition, QAW and the
present paper presented several indirect methods to obtain NOAs based on ex-
isting NOAs or NDMs, for example, Theorems 4, 5 in QAW and Theorem 4 in
the present paper. In Tables 9 and 10, we only tabulate the NOAs and NDMs
that can be directly constructed. Moreover, Tables 11 and 12 tabulate some con-
struction results of the proposed methods for designs with more than two lay-
ers.
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TABLE 9
Comparisons among the NDM (D1, D; p1, p2)’s constructed by QAW, QA and SLQ

Methods p1(Dy) D Constraints”
QAW I D(p", p%p™) D"t p? pmth m>2
I D(pm, pz, pm) D(pm+2 [72 pm+2) p =23
11 D"t PP p™ DR P p T
v D"t pP p™y D", p p )
v D2 pt p™y D", pt pitd)
QA D(p"t, p*1. p"1) D(p"2, p*1, p?) uy <up,uylup
SLQ Theorem4  D(Ip“2, p"1, p"2) D(p"3, p1, ph3) wiluigpr,i=1,2,
uy <uz,l < p'3T2
Theorem 6 D(ry,c, p*1) D(riry, ¢, pt1tu2) D(ri, c, p"i) exists,
i=1,21<r

* p is any prime number.

From these tables and our construction methods, we can see that:

(i) The proposed methods have more flexible choices of the parameters, and
thus can generate much more new NDMs and NOAs, hence much more new
NSFDs.

TABLE 10
Comparisons among the NOA(A1, A; p1, p2)’s constructed by QTW, QAW, QA and SLQ

Methods p1(Ay) A Constraints*
ku
QTW OApR El =L p ) oAk, RSl pt 0y <up
QAW OA(s3.3,51.2) 0A(s2,3,52,2) 51 < 2,511
QA I OA(pku1, I;u,]‘l,pul 2) OA(pku2, l,"f,puz,z) wy <ug,uplua
I 0GR L) OAGRR P 4 L p k) uy <yl
pir=k—1
1(_1 1(_1 _
SLQ Theorem 1 OA(Ip*“1, ’;j, pi2)  OA(pkt2, ’;j, p2,2) I < pklua—up)
up <up
Theorem 2 OA(Ip*i1, I;” 1:] ,pU1.,2) OA(pFuz, Pu 1:1] pH2,2) [ < pklua—up),

up <up,uilup
Theorem 3 OA(IpX“1, p't 1, p*1 k) OA(pK“2, p"1 1, p¥2 k) [ < p*t2=u) y) <u,,
uplug, p" >k —1
Theorem 5 OA(lny, m, p"1,1) OA(nyny, m, p*1742 1) OA(n;, m, p%i , t) exists,
i=1,2,l<ny

* p is any prime number.
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TABLE 11
The NDM (D, ..., Dy; p1,...,p1)’s constructed in this paper for I > 2
Methods pi(D)), i=1,...,1 Constraints”
Theorem 4 D(p"i, pt1, pti) up <ujgpp, uilujpr,i=1,...,I1—1
Theorem 6 D(]_[f:1 1, C, pZ;=1 ury D(ri,c, ptiyexists, i =1,...,1

* p is any prime number.

(i) For NSFDs with two layers, some of the construction results of QTW,
QAW and QA can also be obtained by the proposed methods. For example, in
Table 9, by taking I =1, p=2,3,u; =m,upy =2, r1 =p",andrp, =c= pz, then
the NDMs obtained by our Theorem 6 are just those constructed by II of QAW. In
addition, most of the NOAs and NDMs obtained by the proposed methods have no
overlap with that of QTW, QAW and QA.

(iii) The proposed methods can generate various NDMs and NOAs with more
than two layers; see Tables 11 and 12.

(iv) Moreover, the methods for obtaining NOAs can also be used to generate
SOAs after some suitable modifications, which are useful for constructing SSFDs
for computer experiments with both qualitative and quantitative factors [Qian and
Wu (2009)].

The newly proposed methods are easy to implement. The generated NSFDs and
SSFDs can be used not only in computer experiments, but also in many other fields
as mentioned in Section 1.

Acknowledgments. The authors thank the Editor, the Associate Editor and
two referees for their comments, which have led to improvements in the paper.

TABLE 12
The NOA(Ay, ..., Ar;p1,...,p1) s constructed in this paper for I > 2

Methods pi(Ap), i=1,...,1 Constraints”
ku; Pk—l u; :
Theorem 1 OA(p ’,j,p',Z) up <ujyy,i=1,...,1 -1
Theorem 2 OA(pHH, ‘;;’l‘jll,p"f,z) i < gt uiluipyi=1,....01—1
Theorem 3 OA(pk”i,p“' + 1, p"i k) Pl >k —1,u; <ujiq,
uilujy1,i=1,...,1 -1
Corollary 2 OA(]—I;:1 ny,m, pZ;:l Uty OA(n;,m, p"i t)exists,i =1,...,1

* p is any prime number.
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